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A Joint Meeting with the Institution of Automobile Engineers was held at 
the Royal Society of Arts on Thursday, November 21st, 1929. Colonel the Master 
of Sempill, President of the Royal Acronautical Society, was in the chair at the 
commencement of the meeting, but later Professor Morgan, President of the 
Institution of Automobile Engineers, presided. 

Colonel the MAsrer oF Sempiti: Mr. Johnson, after taking his degree at 
Sheffield University before the war w: uring the whole of the war, in the 
infantry. Afterwards he joined Dr, .\itchison, with whom he worked for a period 
of four or five years. Then he went to work with Mr. Fedden, the designer to 
the Bristol Aeroplane Co., and had been the chief metallurgist to that company 
for the last five vears, engaged primarily on research work in connection with 
the design and construction of aircraft engines, and particularly the Jupiter 


THE INSPECTION OF METALS AND THEIR ALLOYS* 
BY 
L. W. JOHNSON, M.C., M.Mer. 


Introduction 

The present-day tendency of automobile design is to increase the 
power/weight ratio of the engine, while at the same time retaining or improving 
the efficiency, and to reduce the weight of the chassis generally for a given power. 
The drawing office creates the efficient engine, and the inspection department 
enables the design to be put into and maintained in effective production. Now, 
the modern high-efficiency machine is due, amongst other things, to a more 
accurate knowledge of stress distribution, and consequently the factor of safety, 
or the factor of ignorance as it sometimes used to be named, may approach 
unity—provided that the materials used are consistent. Consistency in materials 
can only be maintained by a rigid and carefully thought out system of inspection, 
the thoroughness of which should be inversely proportional to the factor of safety. 
Therefore, in the aircraft industry inspection is in general on a one hundred per 
cent. basis, and in the automobile industry it will vary from that downward, 
according to the type and class of car and the methods of manufacture. 

An inspection system, then, has the following two main objects in view: 

1. To maintain the reliability of the engine or other part. 

2. To ensure that the shops have a constant flow of good material, and so 
to avoid breakdowns in the production system due to various types of defects, 
which, in the case of mass production especially, may have such far-reaching 
consequences. 


* Joint meeting with the Institution of Automobile Engineers. 
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The object of this paper is to give a brief review of the various types of 
material tests available and what they tell us, and to note the different kinds of 
defects that may be encountered in metals and their alloys. 


Supply and Identification of Material 


In order to facilitate inspection, both the drawing and the order should 
afford definite information as to the specification and any departures from it, the 
method of manufacture, the test-piece procedure, the pressure test of castings, 
the method of marking, and so on. 

In the case of aircraft material each batch is accompanied by a release note 
signed by the supplier and guaranteeing that the material conforms in all respects 
to the specification. The release note and its test reports give particulars of the 
chemical composition, the physical tests, the heat-treatment (if any), the cast 
number, and the batch number. The larger forgings and bars above in. 
diameter have stamped upon them the specification number, cast number, test 
or batch numbers, and the individual inspector’s stamp. Smaller bars and 
stampings are bundled or bagged, with suitable tallies bearing these particulars. 
The advantage of this system will be seen later. 

After inspection all bars, tubes, etc., should be painted with transverse stripes 
in order to differentiate between the various specifications. The larger diameter 
bars should be painted with longitudinal stripes. This is most essential, as 
otherwise bars lving about on the floor of a crowded machine shop are bound to 
get mixed. Combinations of colours enable a large number of specifications to 
be covered, and a good quality of oil paint should be used for the purpose. The 
colour scheme need not be applied to stampings or castings unless more than 
one material is used in the same dies or patterns. 


Types of Test 

(1) Tensile Test.—It is not proposed to describe any tensile testing machines 
in detail beyond stating that the single-lever type is the most consistently accurate 
though slowest in operation; the multiple-lever type is much more compact and 
quicker, but any errors which may creep in may be multiplied. The hydraulic 
type, in which the load is indicated by pressure gauges, is very simple and quick 
in operation, but should be frequently calibrated, as the gauges are likely to 
vary. The lever type of machine should be overhauled by the makers at regular 
intervals, as the knife-cdges are liable to wear. Methods for calibrating have 
been described by C. Jakeman* and can be carried out with little trouble. 

For accurate testing it is essential that the load to be applied shall act truls 
along the centre line of the test-piece, and some such device as the axial loading 
shackles designed by Prof. A. Robertson! should be used. It is no uncommon 
occurrence when using friction grips for the loading to be eccentric, which in 
the case of ductile materials reduces the elastic limit and yield point without 
affecting the maximum stress. Brittle materials, such as cast aluminium alloys 
and phosphor-bronze, will break considerably below their real maximum stress. 
Similarly, strip will give low results, due to tearing with an irregular fracture 
instead of a straight-line break at an angle of about 30 degrees. Strip test- 
pieces can be held by loose hemispherical grips inserted in the ordinary taper 
grips, thus obtaining a perfectly true grip. Thin strip will, in general, give 
slightly higher results than thicker gauges of the same material, and tests taken 
transversely often give a higher maximum stress than those taken longitudinally. 

The rate of loading has practically no effect at ordinary temperatures, but 
affects the readings at high temperatures. This has been clearly shown by qj. et. 


*See “ Scientific Instruments,’’ January, 1924, pp. 120-122. 
+ See Engineering December 15, 1911, p. 786. 
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Dickenson* in a very valuable research, in which he found that at elevated 
temperatures steels would slowly stretch until fracture occurred when maintained 
at a stress very much lower than the maximum stress obtained by the ordinary 
tensile test. Thus steels and other materials possess a limiting creep stress below 
which they will remain unbroken indefinitely, and above which it is merely a 
question of time for fracture to occur. To take one example, he found that a 
high chromium steel possessed a strength of 17.4 tons per sq. in. at 650°C. when 
tested quickly, yet when subjected to a load of 8.5 tons per sq. in. at the same 
temperature it broke in seventy-nine hours. We thus are driven to the conclu- 
sion that tensile tests carried out at high temperatures in order to be comparative 
must be pulled at a definite rate, e.g., half a ton per sq. in. per minute, which 
will be found fairly satisfactory. A suitable electric furnace arrangement for 
carrying out tests at high temperatures as for valve steels is described in 
Appendix I. 

The tensile test is a fundamental one, and provides the following 
information :— 

(a) Elastic Limit—This may be defined as the stress at which the 
stress/strain diagram ceases to be a straight line. The preparation of a diagram 
necessitates the use of an extensometer by a skilled operator, and for this reason 
the test cannot be regarded as a_ production one. Fig. 1 shows typical 
stress/strain diagrams. Curve (c) is typical of both cold-worked and air 


0) X 


(a) Mil 
(b) Nickel-chromiun steel 465 tons) 


Cold drawn steel @) Cast aluminiun alloy 
(I) Cold drawn « blued steel 
Fic. 1. 


* See Jour. Iron and Steel Inst., 1922, Vol. IL., p. 103. 


of 
of 
Id 
he 
te 
ts 
st 
st 
d 
a 
/ 
| | / 
J | 
/ 
| 
| 
| 
/ / / 
/ / 
/ 
/ / / 
/ y 
Y, 
(1) 


144 L. W. JOHNSON 


hardening steels, and shows how low-temperature tempering raises the elastic 
limit without appreciably affecting the maximum stress, due probably to the 
release of internal stresses. Thus the elastic limit taken in conjunction with the 
proof stress (which see later) dees give us information concerning the extent to 
which a steel has been cold-worked and whether all the internal stress has been 
relieved by heat-treatment. 


(b) Yield Point.—This is defined by the British Engineering Standards 
Association as the point at which the extension of the bar increases without 
increase of load. The practical definition is that load per sq. in. at which a 


distinctly visible increase occurs in the distance between gauge points on the 
test-piece as observed by the use of dividers; or at which, when the !oad is 
increased at a moderately fast rate, there is a distinct drop of the testing machine 
lever, or, in hydraulic machines, of the pressure-gauge finger. The increase o! 


extension at the yield point amounts to more than one two-hundredth of the 
gauge leneth. 

In Fig. 1 (a) is the stress/strain diagram for mild steel, which shows very 
clearly the point at which there is a sudden stretching of the specimen without 
increase of load. As long as only mild steel is being tested, the drop in the 
beam shows quite definitely the vield point. Fig. 1 (b) is a stress-strain diagram 
of a hardened and tempered nickel-chromium steel having a maximum stress o! 
65 tons per sq. in. and suitable for use for crankshafts or connecting-rods. In 
this case the stress/strain diagram does not show a kink in the curve, but 
gradually slopes away. It is clear that in this case there will be no sudden drop 
of the beam, but the operator will find he has gradually to increase the speed of 
the wheel which takes up the extension, and from this rather uncertain factor 
to deduce the vield point. It is quite possible for two operators to obtain results 
differing by at least 5 tons per sq. in. 

In determining the vieid point by noting when a distinct increase in length 
occurs between two gauge points by means of dividers, it should be remembered 
that steel will stretch elastically at the rate of o.co15in. per increment of 10 tons 
per sq. in., and it would be possible to mistake elastic stretch at, say, 4o tons per 
sq. in. for the yield point. A better method is to release the load when the 
so-called yield point is suspected, and by describing an are with the dividers to 
determine if any permanent stretch has occurred. 

The yield point does not really exist in certain hardened and tempered steels, 
cast alloys, and cold-worked steels and alloys, and the proof stress is gradually 
being used to replace it. 

(c) Proof Stress.—-This may be defined as the load which will produce a 
permanent extension of not more than o.1 per cent. of the gauge length. In some 
cases (non-ferrous materials) a permanent extension of 0.5 per cent. is also used. 
This can be seen more clearly from the diagram in Fig. 1 (b). Let the distance 
OX be equal to an elongation of 0.1 per cent. Now draw a line XA parallel to the 
straight portion of the stress/strain diagram until it cuts the curve at A. Then 
the point B will give the proof stress of the material. The proof stress is some 
very definite quantity as opposed to the vield point, and forms a satisfactory 
basis for stressing, It is not suggested that it should be used for routine testing, 
but that the proof stress should be determined for each type of material as a 
ratio of the maximuni stress and then obtained by calculation from the ordinary 
tensile test. 

(d) Maximum Stress.—Although it is usual to take the elastic limit or vield 
point of a material in arriving at a factor of safety, the maximum stress does 
bear a definite relation to the fatigue range, and consequently will become 
increasingly useful. It is not suggested, however, that the somewhat laborious 
tensile test should be used to arrive at this figure, as for most purposes the 
Brinell test is quite satisfactory. 
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Elongation per _cent 


© 


01 03 05 O07 O9 11 15 
Gauge length. in. 


Fic. 2. 


Relationship between elongation per cent. and gauge 
length (65-ton nickel chromium steel). 


In Appendix II are given conversion tables for the Brinell and tensile strength 
relationship, and also the fatigue-range/maximum-stress ratio for various 
materials. 

(e) Elongation.—If we take a standard test-piece and mark off the parallel 
portion into o.1in,. divisions, and then measure the increase in length after fracture 
we obtain results similar to those shown in Fig. 2. It is obvious from this 
that we can obtain for a given stcel any value for the elongation per cent. from 
about 150 downwards according to the gauge length we may take. In order to 
make all tests comparable a definite ratio has beén fixed between the gauge length 
and diameter as shown in Table I. 


TABLE. I. 


Standard Gauge Ratio 
Country. Diam. Length. G.L./Diam. 
England ~ 2.00 in. 2.54 
France min. 1oc mm. 7.246 
Germany 03798 8.00 in. 10.000 
America 2.00 in. 3-96 


Provided these ratios are adhered to, the results obtained from test-pieces 
of circular section will be comparative, but in the case of thin brass strip test- 
pieces it has been shown by J. E. Malam* that the elongation per cent. of 
geometrically similar pieces decreases with the thickness. It has thus been found 
better to substitute the reverse bend test for the elongation test cn sheet material. 

With the various cast aluminium alloys the elongation per cent. is of such 
a small value, i.¢e., 1 to 4, that it cannot be measured really accurately, and it 
is possible that some form of transverse test, similar to that for cast iron, may 
be substituted. 

(f) Reduction of Area.—According to the type of material we may have in 
one specimen a high elongation and medium reduction of area, such as 50 per 
cent. and 4o per cent. respectively for gun-metal, and in another specimen a com- 


* See Jour. Birmingham Inst, Soc., Vol. VIII, No. 5, p. 163. 
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paratively low elongation and high reduction of area, such as 12 per cent. and 50 
per cent. respectively for air hardening steel. The first is usually associated with 
materials of low yield point or, rather, having a long range between the yield 
point and the maximum stress, whereas the latter is found with materials having 
a high vield-point/maximum-stress ratio. The two considered together are 
important, in that they give a clue to how a highly stressed steel will behave 
under a sudden local concentration of stress. 

The reduction of area is much less when the test-piece has a_ transverse 
grain flow than when it has a longitudinal grain flow, see Table IT. 


TABLE II. 


Maximum Stress Reduction 
Tons per of Area. Izod. 
Material. sq. in. Per cent. Ft.-Ib. 
Long. rans. Long. Trans. Long. Trans. 
0.289), carbon steel 
1 (a) As cast P ; 38.3 38.9 25.8 23.6 16.7 17.0 
As forged 
1 (c) (87.5° reduction) 35.6 58.3 
1 ((d) (go°, reduction) 26.0 36:0 58:7 43:5 74.0 29.0 
2 Nickel chromium steel (heat- 
treated)... GES 35:7 18.0 
Wrought iron, No. 1 20:9 38:6 27:1 51:3 33:0 
5 Duralumin, forged ... 19.1 38.9 8.9 — 
6 Magnesium alloy, forged ... 18.9 16.7 20.0 Q.1 
7 ,, extruded... 16.6 38.8 22.6 
N.B.—Nos. 1 (a) to 1 (d), 3 and 4 were all tested in the normalised 
condition. 
No. 5 was heat-treated. 
Nos. 6 and 7 were in the untreated condition. 
(2) Brinell Hardness Test.—This test is performed by pressing a hardened 


steel ball into the material under a definite load, and the Brinell hardness number 
is obtained by dividing the load in kilogrammes by the area of the spherical 
surface of the impression expressed in square millimetres. 

Fig. 3 shows the variation in hardness number obtained by using a io mm. 
diameter ball and varying the load. The specimens in this case are steel, but 
the same is true of any material. In order that comparable results may be 
obtained, the B.E.S.A.' has fixed the relationship for various materials as 
follows 


The ratio of the load to the square of the ball diameter, i7.c., P/D? shall be 


for 
Steel ‘and materials of similar hardness .. se BO 
Copper alloys do. 
Copper do. 5 
Lead, tin do. I 


and it is advisable that the ratio of the diameter of the impression to that of 
the ball shall not exceed ©.6, in fact it is preferable io keep the ratio between 
0.25 and 0.50. 

The following precautions should be observed when carrying out the Brinell 
test 


+ See British Engineering Standards Association Report, No. 240, 1926. 
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(1) Remove the surface scale, and thus ensure that the slightly decarburised 
and consequently soft surface is removed. This especially applies to steel 
stampings, and, unless this precaution is taken, it is quite possible for a batch 
of steel stampings to be passed through as 70 tons tensile when in reality the 
figure is nearer to 80 tons. This might cause endless trouble in the machine 
shop, even though it is possible to obtain &o-ton steels having comparatively 
other excellent physical properties. 

(11) Avoid overloading, even momentarily, as low hardness values would 
then be obtained. This is easily produced in the standard type of Brinell machine 
by pumping too rapidly, but there are machines now on the market that have a 
dash-pot arrangement to provide for a steady application of the load. 

(111) Another fruitful source of inaccuracy is in not providing a wide enough 

flat, especially on round bar material, as the steel bulges and an oval impression 


560 
Cast steel(0'9 per cent carbon) 
soot Cast steel(0:9 per cent carbon) 
2 
£320F Annealed high speed steel 
2 
= 
240;}/ | 
0-25 per cent carbon steel 
160; 77 
/ 
80 
1000 2000 3000 4000 
Load (kq) 
FIG. 3. 
Variation of Brinell hardness No. with load, 
using 10 mm. ball.* (O'Neill.) 


is formed. The B.E.S..A. has laid it down that the width of flat on each side 
of the impression shall be not less than twice the diameter of the impression. 

(IV) In any case, the diameter of the impression should be measured in 
two directions at right-angles to cach other, and the mean of the two taken as 
the correct value. If the two diameters vary by more than 2 per cent. of the 
bali diameter, a fresh impression should be made. 

(V) If the material to be tested is thin it is quite likely that false readings 
will be obtained, and the minimum thicknesses, shown in Table III, should be 
adhered to :— 

(VI) Never rely on a single impression, but always have a duplicate test, 
both of which should agree. 


* See Jour. Iron and Steel Inst., Vol. CVII., p. 343. 
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TABLE III. 


Hardness Minimum Thickness in Decimals of an Inch 
Number. for the Stated Loads. 
Above 10 mm. Ball. 5mm. Ball. 
100 0.3125 0.125 
150 0.25 0.0937 
200 0.1875 0.0781 
300 0.125 0.0025 
400 0.0937 0.0468 
500 0.0625 0.031 


While it is the general practice to measure the diameter of the impression, 
the hardness number can also be derived from the depth. This is effected by 
fitting to the hall-holder a suitable instrument which records the depth of the 
impression or the hardness number direct. Brinell tests may thus be more rapid], 
carried out, and without the risk of reading the microscope wrongly. There are, 
however, certain drawbacks to this, and uneven surfaces, tilting of the specimen, 
etc., render the method somewhat uncertain for the more important work. 

Care should be exercised in using this test for castings owing to unevenness 
in the metal due to segregation and porosity. A 10 mm. ball is quite satisfac- 
tory for the magnesium and aluminium alloys. The depth of chill in cast iron 
will cause variable results. 


Fic. 4. 


Impression made by diamond pyramid. 


Several modifications of the Brinell test have now been perfected, among 
which may be mentioned: 

(a) The Firth Hardometer, which is a very compact machine using the 
following loads and balls for steel and non-ferrous materials respectivels 
120 kgm. weight with 2 mm. and 4 mm. balls, and 30 kgm. weight with 1 and 
2 mm. balls. A diamond indenting tool is supplied also when it is desired to 
obtain the hardness of materials having a value greater than No. 600 Brinell, 
this being used chiefly for tool and case-hardened steels. The load is applied 
by compressing a spring, and a trigger mechanism prevents overloading. This 
machine will test at the rate of about 200 articles per hour, owing to the con- 
veniently arranged microscope which can be swung into position, already 
focussed, for measuring the impression without the specimen having to be 
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removed from the table. This machine is chiefly suitable for finished and partly 
machined articles, owing to the very small impression produced. 

(b) The Vickers Pyramid Hardness Testing Machine, though elaborate, is 
probably the most accurate of all the small-impression type of machines. It is 
an excellent instrument both for the laboratory and for production testing. The 
loads and balls used are as in Table IV. 

For very hard materials a diamond is used. The impression, Fig. 4, is 
measured by a microscope which has an attachment whereby the diameter is 
shown on an indicator, which is a distinct advantage. The load can be applied 
at any predetermined rate, and its application and withdrawal are automatically 
controlled. Tests can be carried out at a rate up to 200 per hour. 

(c) The Rockwell Hardness Machine, which has two scales, and uses the 
foliowing loads and balls: for the B scale, 120 kgm. on a ;jyin. ball, and 60 kgm. 
on a iin. ball; for the C scale, 150 kgm. load on a diamond cone having an 
included angle of 120 degrees. On this machine the hardness number is 
obtained by direct reading from a clock indicator having two scales marked B 
and C, and the Rockwell numbers can be translated into the equivalent Brinell 
numbers by suitable tables. 


TABLE IV. 


I mm. bail .. me 5, to or 30 kilos. load 
2mm: ball ... 20, 4C OF 120 
Diamond 20, 230°0r 50 


In order to obviate errors in the depth measurement that would be caused 
by the spring of the machine frame or settling down of the specimen and table 
attachments, an initial load of 10 kgm. is applied before the clock indicator is 
set to zero. Various types of anvils to suit work of awkward shape can be 
used, and are so fixed that they are self-centring. The machine is rapid in 
action, and articles can be tested at a rate up to 250 per hour, the rate of 
application of the load being controlled by a dash-pot. 

Since the method of depth measurement is used, this type of machine is most 
suitable for finished or machined parts that have not too intricate a shape. Errors 
will arise from grit or scale getting in between the work and the anvil, from 
burred edges, from slight collapse of thin tubes, and from large specimens being 
overhung or badly balanced. In testing the hardness or finished rounded surfaces 
having a diameter less than fin., on which it is not permissible to prepare a flat, 
a correction must be applied. This varies according to the diameter and the 
load, and must be obtained empirically for each type of specimen to be tested. 

(d) The Herbert Pendulum Hardness Tester consists of a weight of 4 kgm. 
resting on a steel ball 1 mm. diameter, or on a ball-shaped diamond, and con- 


stituting a compound pendulum o.1 mm. in length. The centre of gravity is 
adjustable, and the machine can be calibrated at any time. In operation the 


pendulum is rested on the specimen and the bali makes an indentation, the size 
of which depends upon the specimen, and when the pendulum is oscillated through 
a small arc the time of swing, taken with a stop-watch, gives a refiable measure 
of hardness. ‘rhe hardness number adopted is the time taken for ten single 
swings. On hardened steels the diamond and steel ball time hardness numbers 
multiplied by 13.5 and by to respectively give the Brinell numbers, and other 
constants can be obtained for other materials. This instrument can also be 
used for determining the work-hardening capacity of materials, Both at ordinary 
and at elevated temperatures. i 

(e) The Herbert ‘‘ Cloudburst ’’ Hardness Tester is an instrument affording 
the only logical means of testing hardened steel such as tools and case-hardened 
steels. In principle, if the case is correctly hardened it should withstand the 
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rebound of a hardened steel ball, dropped from a definite height, without per- 
manent deformation in the shape of an indentation. In the Herbert ‘‘ Cloud- 
burst ’’ instrument the case-hardened surface is subjected to a continuous bom- 
bardment by steel balls, all dropping from a definite height, that cover the whole 
surface of the part being tested. Consequently, any soft patches, Fig. 5, will 
be revealed because of the slight roughening of the surface caused by the indenta- 
tions of the balls. This method has several advantages, because the whole 
surface is tested, batches can be tested at one time, and no measurements are 
needed to interpret the results. 

(f) The Shore Scleroscope Hardness Tester consists of a small steel drop- 
hammer having a diamond tip that is allowed to fall vertically from a definite 
height on the part to be tested, the height of rebound being a measure of the 
hardness. If the hammer be allowed to fall on the same spot a second time, a 
higher reading will be obtained, and so on, because of the local work-hardening 


F1G. 5. 
Showing roughe ning of surface lil S Cloudburst as test. 
The numbers denote Brinell hardness. 


of the surface. Errors are likely to arise from badly polished surfaces, if a 
round surface does not lie true under the centre line of the instrument, and with 
variation in mounting. This test is really a measure of the elasticity of the 
material, and consequently depends upon the mass of the test piece and the 
rigidity with which it is supported. Thus the results are only comparative for a 
given set of conditions. \ valuable feature of this test is that finished surfaces 


are not appreciably marked or indented, unless the material is extremely soft. 

At this stage it will be advisable to differentiate between diamond hardness 
and Brinell hardness. 

The hardness number of the material being tested is obtained by dividing 
the load in kilograms by the area (in sq. mm.) of the indentation. Since the 
diamond in both the Firth and Vickers machines is a pyramid, then the shape 
of the indentation will have a constant form however deep it may be. Thus 
whatever load is used with a diamond pyramid, the hardness number will be 
constant. This is shown in Fig. 6 for various steels. For comparison a dotted 
curve is shown for the 0.6 per cent. carbon steel {oil hardened and tempered at 
650°C.) of the Brinell hardness numbers obtained by substituting a 1 mm. 
diameter ball for the diamond pyramid. 
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The shape of the indentation when using a ball is obviously not constant 
and does not bear a direct relation to the diameter of the impression as is the 
case with the diamond pyramid. Thus the two sets of hardness numbers cannot 
be expected to be the same all the way up the hardness scale. This is shown 
by curve B (Fig. 7), which was obtained from a large number of readings taken 
on various steels using the correct ratio of P/D?. It will be noted that up to a 
hardness number of approximately 300 the values are similar, but above this the 
diamond hardness numbers have an increasingly higher value than the corre- 


sponding Brinell numbers. 


1000f ] 
| | | 
4 
| | 
| -——+-()-6per cent C steel, water hardened | 
sp per cent C steel, water ha 
£2 
High-speed steel. 
= hardened 1280 deg.C. 
= 600+-—- tempered 630 deg.C. 
E 
5 | 
| | 06 per cent Csteel,oil hardened | 
g tempered 450 deg.C. | | 
Hadfield’s manganese steel 
| | | 
300) 4mm.did. bal! | | 
per cent C steel. oi! hardened 
|tempered 650 deg.C. 
200K | | 
40-25 per cent Csteel, oil hardened 
' 00} tempered 700 deg.C. 
| 
L 
0 20 40 60 80 100 


Load in kilos 
Fic. 6. 
Showing consistency of diamond hardness numbers with 
variation of load. The dotted curve shows Brinell hardness 
numbers. (R. L. Smith.) 


This divergence is due to the variation in shape of the impression due to 
the ball and also at the higher numbers to the fact that the hardened steel ball 
distorts, i.c., flattens and gives a bigger diameter of impression than it should 
which will mean a lower hardness number. This can be shown by making a 
series of ball tests in w hich the diameter of the impression (and consequently its 


form) is kept constant by varying the load. 


The results of these tests will give curve A (Fig. 7) when plotted against 
the corresponding diamond hi urdness values. It will be noted that the two sets 
of values are now similar up to approximately 550. The divergence above this 


is due, as mentioned above, to distortion of the ball, and for this reason it is in 
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any case inadvisable to use a steel ball for testing material having a hardness 
value above 550. 

Needless to say it is unpractical to carry out the Brinell test using a constant 
diameter of impression. Moreover, the Brinell test is universally used, and so 
it cannot be changed. 

There remains, however, the fact that the diamond hardness test is going 
to be used more and more and we thus have in use two different sets of hardness 
values which as long as their essential difference is understood will not lead to 
confusion, It would be of great assistance if in the near future diamond hardness 
values could be universally accepted since the latter can cover the whole range of 
practical hardness. 


Ball numerals 


300! 


| 

| | | | 
ol — | | J 
100 200 300 400 500 600 700 800 900 1000 
Vickers pyramid numerals 


Brg. 7° 
Curves showing variation between Brinell and diamond 


hardness numbers. (R. L. Smith.) 


In Appendix II are shown Tables for converting Firth and Vickers Diamond 
and the Rockwell hardness numbers to Brinell numbers. 

The modified forms of the Brinell test mentioned above, in which a diamond 
penetrator is used, supply a long-felt want for a suitable test for case-hardened 
steel parts, and Table VI. gives the hardness values considered satisfactory for 
the case of various types of case-hardening steels. In this connection it shouid 


be noted that variation in the load applied can be used to check the depth of 


case. For example, if the case of a plain carbon case-hardening steel has been 
hardened correctly (by using a load of, say, 10 or 20 kgm., the case itself can 
be tested for satisfactory hardness) and a load of 150 kgm. is applied, then if 
a satisfactory reading is obtained this means that the depth of the case is at 
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least 0.022in., whereas low readings show that the depth of the case is less 
than this. 

As the depth of case is usually greater than o0.o20in., then the 120 or 
150 kgm. load will be found the most useful to use for testing case-hardened 
work as low readings will be due to insufficient depth and'/or improper hardening. 

It is quite a simple matter to carry out tests in order to determine the 
correct load to use for any given depth for the usual case-hardening steels. 

For the small-ball Brinell class of testing instruments a surface on the 
specimen of number O emery finish is advisable, especially where the diameter 
of the impression is read through a microscope. It should also be borne in mind 
that the impression is very small, and consequently when trying cast material, 
which usually has a comparatively large grain size with areas of porosity and 
so forth, a ball should be used, suthciently large to give mass hardness as opposed 
grain hardness. This means that more than one impression should be made, 
and unless the readings are consistent the test should be considered unreliable. 


to 


4066 


Fia. 8. 
B= Brinell. 
R= Rockwell. 
F=Firth. 


V == Vickers. 


The material is affected to a depth of about seven times that of the actual 
impression, and so the load should, where possible, be adjusted to suit the 
thickness of the part, e.g., it is possible to test on the Vickers machine material 
only 0.005 in. thick when using the 5 kgm. load. The depth of an impression 
in case-hardened steel is about 0.001 in. and 0.003 in. when using a 30 kgm. and 
a 150 kgm. load respectively. In Fig. 8, the comparative sizes of the impressions 
obtained with various machines are shown. 


TABLE V. 


Distance from Surface. Brinell Hardness Number. 

in, 

174 
1 
4 
4 160 
3 
150 

I 38 
1 
1} 125 

14 113 
3 

107 


The Brinell test is one of the most useful the engineer has at his command 
for production testing, for the following reasons :— 
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(1) It will correlate a batch of forgings or bars with their respective test- 
pieces, and thus ensure that the heat-treatment has been correctly carried out on all. 

(2) It can be used to explore large forgings, bars, etc., and so make certain 
that the material itself and the heat-treatment are uniform. 

(3) The uniformity of cold-worked bars can easily be ascertained by cutting 
a section and Brinelling it right across. As an example, a 3} in. diameter bar 
of cold-drawn phosphor-bronze gave a Brinel] hardness No. of 174 when tested 
on the surface, but gave the values shown in Table V. when tested at points along 
a diameter of a cross-section. 


TABLE VI. 


Hardness Number. 
Instrument. Carbon. 3% Nickel. 5%, Nickel. 


Vickers’ Diamond Brinel ... S60 4 

20+ 50 860 + 50 00 + 50 
Rockwell C. 6444 C. 6244 
Scleroscope 82+7 72+7 624+7 


This is rather an extreme case, but it is offered chiefly to show the effect of 
cold-working, and to show the risk attached to a mere surface test. 

In all the above types of hardness testing machines it is essential that they 
should be constantly checked by standard test-pieces covering the whole hardness 


range. 
Lay 
2m/m 0-12 in. 
/ sq. 
/ j a. 
0-25 m/m rad. | 0-01 in. rad. 0-01 In. rad. 
Square Izod Round |zod Round Izod 
turned notch milled notch 
4 
m/m max 
0-5 m/m min. 
Sm/m | 
t 10m/m 
m/m rad. \ 


Mesnager notch 
for Charpy 


International Charpy 


FIG. 9. 


Notches for various impact test pieces. 


The Brinell test is not a measure of the real hardness of a material, 7.c., 
its resistance to wear or abrasion, neither is it a real guide to machining qualities. 
As an example of the latter may be quoted a case in which difficulty was ex- 
perienced in cutting threads on a mild stainless steel having a Brinell hardness 
No. of 180, whereas by increasing the hardness No, to 340 by suitable heat- 
treatment perfect threads were obtained. 

(3) Impact Test.—This is performed on a test-piece which is notched on 
one side and held in a vice, and is broken by a dropping weight or a swinging 
pendulum. In this country the Izod impact test is becoming standardised, whereas 
in America and on the Continent the Charpy test is more favoured, Details 
of the respective test-pieces are shown in Fig. 9; in both cases the test-pieces 
are broken by a swinging pendulum. The Izod test result is expressed in foot 
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pounds of energy absorbed in fracturing the specimen, as is occasionally the 
case with the Charpy test; the latter is more usually expressed in kilogramme / 
metres or in kilogrammes per sq. cm. of cross-section at the fracture. Un- 
fortunately, there is no satisfactory direct conversion factor for the two tests, 
the factor varying from steel to steel. In general, it has been found that the 
Izod test is more sensitive for steels having a low impact value, whereas for 
high values the two tests give more similar results. 

There is a certain amount of doubt as to the value of the impact test, and 
it will be advisable to consider this. In the actual tests there are three main 
stages during which energy is absorbed :— 

(1) The elastic bending of the test-pieces, which absorbs a small amount 
of energy. 

(2) The concentration of stress at the root of the notch soon becomes so 
great as to cause plastic deformation there, with the result that when the maximum 
stretch that the steel can locally accommodate has been reached a crack will be 
found, 

(3) As soon as the crack has formed the concentration of stress at the crack 
will cause its propagation across the section, 

As an example, a 60-ton nickel-chromium steel] having an Izod value of 
65 ft./lb. would absorb approximately 3, 27, and 35 ft./Ilb. during the above 
three stages respectively. 

From this it would appear that if a fatigue crack once commences in, say, 
a crankshaft having a good Izod value, then the propagation of that crack will 
be spread over a long period, and it is possible that the crack will be discovered 
before final rupture occurs. If we have two steels having similar physical pro- 
perties with the exception that one has a high and the other a low Izod value, 
then the former will adapt itself much better to occasional excessive local stress 
concentrations than will the other. Consequently fewer failures of engine and 
other parts made from good Izod steels occur than in those of bad Izod steels. 

Izod values are comparable only within each type of steel, e.g., to take two 
extremes we can obtain with a very mild 25-ton steel an Izod value of 100 ft./Ib., 
but with a 100-ton nickel-chromium steel only 15. ft./lb. With a given type of 
steel the Izod value varies more or less inversely as the maximum stress (see 
Appendix VII.). 

The Izod test is of value in determining whether the heat-treatment of a 
particular steel has been done satisfactorily, which a tensile test will seldom show, 
and it will also discover very easily any steel suffering from temper brittleness 
(see Appendix III.). 

It must be borne in mind that, since the test-piece from a forging has a smaller 
cross-section and often a better grain flow, it will give a better Izod value than 
a test-piece cut from the forging itself. Further reference will be made to this 
under the heading of Forgings and Stampings. 

The fracture surfaces of Izod test-pieces should always be examined, as 
they will disclose certain information concerning the grain size, the direction of 
the grain, and flaws in the steel, which last might quite conceivably cause the 
Izod value to be slightly higher than usual, especially if they are slag inclusions 
or minute laminations due to imperfectly welded cavities. 

It should be observed that, while only the Izod test has been mentioned in 
the above notes, the remarks apply generally to the Charpy or other impact tests. 

(4) Fracture Tests.—Although not a test in the sense that a definite measure- 
ment of some physical property is obtained, the simple fracture test is ex- 
ceedingly useful in the hands of experienced workers. This test consists of taking 
a short length of bar, or other test-piece, sawing it nearly halfway through, 
fixing it in a vice with the notch level with the top of the jaws, and breaking 
the piece with the minimum number of blows of a hammer, Fig. 1o. With a 
little experience a wonderful amount of information is to be gained by an ex- 
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amination of the fracture and the amount of bend before fracture commenced. 
Obviously there must be some degree of uniformity in the weight and use of the 
hammer in relation to the size and class of the test-piece if results are to be 
in any way comparative. ‘Testing to destruction of a percentage of batches of 
castings comes under this category. This test will, of course, be well known to 
engines rs whose experience goes back to the days before the Izod, or, indeed, 
most other tests were available on a workshop basis, 

(5) Bend and Reverse Bend Test.—This is usually carried out on mild steel, 
brass bars, and the test-pieces from steel castings. The test-piece for the latter 
is generally 2 in. x ? in. section, and is bent cold over # in, radius until it breaks 
(in which case the angle is noted) or until the sides become parallel. In America 
the requirements are for a bend over a 1 in. diameter pin of 180 degrees for soft 
and go degrees for medium steel castings, no bend test being required for hard 
castings, i.e., above 35 tons tensile. 


10. 
(a) Notch too shallow producing apparent 
defect. 
(b) Sune bar as (a) broken with deeper 
notch. No trace of apparent defect. 


lor sheet-steel for aircraft purposes the bend test forms a more reliable 
guide than the elongation measurement, and usually the specification calls for 
a bend of 180 degrees over a radius of from haif to three times the thickness 
of the sheet; according as the tensile strength varies from about 30 to go tons per 
sq. in. The bend should always be parallel to the grain flow, as strip is always 
less ductile when tested transversely. The main difficulty with the higher tensile 
materials is to get the strip to conform to the radius of the bend and to avoid 
kinking. A suitable machine designed to overcome this difficulty has been des- 
cribed elsewhere.* 

Reverse bend tests are used chiefly for wires, and usually call for a certain 
number of bends through 180 degrees in both directions over a radius of three 
times the diameter of the wire. This test is a very satisfactory check on brittleness 
in wire for valve springs, and the fracture itself will reveal any material defec‘s. 

(6) Torsion Test.—This is nowadays chiefly confined to wires, and the length 
of the test-piece is 100 diameters, thus rendering the results more or less com- 


See Jour. Iron and Steel Inst., Vol. CIX., No. 1, p. 4383, Aitchison and Johnson, 
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parable for different gauges. It is purely a measure of ductility, and, if used 
as a reverse torsion test, will easily reveal the longitudinal surface defects which 
cause such a high percentage of valve-spring failures. 

(7) Fatigue Tests.+ latigue testing is far too big a subject for the scope 
of this paper, and it will perhaps suffice if the pros and cons are discussed, inas- 
much as they affect routine testing. 

In the case of alternating bending stresses the results so far obtained suggest 
that the fatigue range bears a definite relationship to the maximum stress and is 
independent of the elastic iimit. In Appendix IV. is given the relationship be- 
tween the fatigue range and the maximum stress for various materials. 

With steels it has been fairly well established that if the test-piece will stand 
10,000,000 reversals of stress it will do so more or less indefinitely. The usual 
speed of the test-piece is 2,000 revs. per minute, which means 83 hours for a 
single test. This suggests that, as the maximum stress of most materials can 
be obtained from the Brinell test, there is really no call for this elaborate and 
lengthy test for routine purposes. Its chief function is a research instrument 
for determining the effects of conditions other than material defects, which latter 
can always be discovered by simpler means. Under such circumstances the logical 
test-piece is the actual component, and the engine then becomes the only possible 
fatigue-testing machine, 

There is, however, one possible exception, that being valve-spring wire which 
is used with its original surface intact. The torsion or reverse torsion test will 
reveal most surface defects, but not those of microscopical size. If such wire be 
coiled into standard springs and tested under a given compression and load (under 
which good wire will endure ten million reversals without breakage), any minute 
surface imperfections wil] cause breakage. ‘This test sounds rather more elaborate 
than it actually is, but in certain cases it is necessary and is far cheaper than 
using an engine for the purpose. 

The alternative is to grind the surface of the wire, which, whilst it is being 
done commercially, is too expensive for ordinary production, but in the case of 
leaf springs it is worthy of serious attention, 

(8) Magnetic Test.—lf a magnetic flux be passed through iron or steel the 
presence of a crack lying more or less across the flux path will cause magnetic 
poles to appear at each side of the crack. In the case of cracks which are 
large enough to be detected by eye, the polarity is quite marked, and this test 
is valuable in confirming the presence or absence of suspected minute cracks, as 
well as in finding cracks that might otherwise escape detection. The object 
being examined must be placed in a fairly strong field, and should be tried in 
various positions. While magnetised it is flooded with a liquid medium (usually 
kerosene) containing a quantity of soft iron dust in a very fine state of division, 
the iron adhering to the surface of any crack. It is, of course, essential that the 
iron dust be ‘‘ soft,’’ so that it will not become permanently magnetised, the 
dust being conveniently prepared by the reduction of the oxide by means of 
hydrogen. The kerosene must be freed from all traces of moisture by first shaking 
it up with calcium chloride, then allowing it to stand overnight followed by 
decantation. Iron dust may then be added in the proportion of 20z. per gallon. 


The most convenient method of testing articles of small or moderate dimen- 
sions is to immerse them bodily in the bath, the magnetising rig being arranged 
so that it may be picked up with the article adhering to it. Alternatively, the 
suspension may be poured over the article where cracks are suspected, and it is 
quite easy to verify a crack by simply wiping off the iron dust and applying 
further liquid. Parts should be demagnetised after this test, as magnetic com- 
ponents are not welcome inside engines, 


t The subject of Fatigue ’’ was dealt with by Dr. H. J. Gough in his lectures before the 


Institution, See Proc. I. Vol. XXi1., p. 341. 
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(9) Magnetic Analysis.—Dr. C. 
magnetic analysis of steel at the U.S. Bureau of Standards, observed that “ there 
is one and only one set of mechanical characteristics corresponding to a given 
set of magnetic characteristics and conversely there is one and only one set 
of magnetic characteristics corresponding to a given set of mechanical charac- 
teristics.’’ Based on this the magnetic analysis production testing equipment 
has been developed in America chiefly tor the examination of steel bars and 
wire, although stampings can also be similarly examined. The bar under test 
is slowly passed through coils, and its magnetic characteristics after being suitably 
sorted and filtered are reproduced on an oscillograph. 
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Oscillogram of magnet 


analysis of chromium vanadium wire. 


A. Normal grain size only. 

B. Coarse grain size only. 

C. Internal strains. 

D. Internal strains and defects. 

I. Surface decarburisation and strains 

F. Surface decarburisation, strains and defects. 


As an example of the type of oscillograms obtained during the testing, that 


of a length of wire is shown ji 


dium wire made in an elect 


n Fig. 11. 


‘ic furnace and 


Ss) 


The wire was 8-gauge chromium vana- 
open annealed. 


Wire of a given 


chemical composition has a given fundamental wave form in an oscillogram, 
and any additional physical properties of that wire, which are due to strains, 
decarburisation, surface defects and inclusion, will be superimposed on that wave 
form. 
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In Fig, 11 A shows the normal grain size, and a variation of grain size results 


in an increased amplitude of the wave form. It will be noted that alteration 
of the wave form due to various defects is very distinctive and sufficiently so to 
obviate any errors in the interpretation of them. The indication of these defects 


is quantitative, and by means of suitable filter arrangements any of these can be 
emphasised or eliminated, i.e., the indicating instruments can be so set that, 
provided that the physical characteristics due to the defects come inside the 
specification, they will not be recorded. 

This method of inspection has much to recommend it, inasmuch as the 
whole of a consignment can be rapidly and accurately tested without any damage 
to the material. Moreover, re-testing is rendered very simple. Once the charac- 
teristics to be expected from any given material have been determined, the 
test can be done without the aid of experts. 

(10) Pickling and Etching.—Surface defects are hable to be hidden by scale 
or rust on hot-worked materials, and by a very thin * : 
cold-worked materials. Finished machined surfaces also come in the latter cate- 
gory, as a tool or grinding wheel is very, apt to hide a crack by dragging over it 


flowed ©’ surface laver on 


a very thin layer of metal. In order to reveal these defects such surface coverings 
are removed by suitable liquid reagents. 

Kor rough stampings the reagents can be fairly vigorous, and the process 
is called pickling. On the other hand, with finished or semi-finished parts it is 
important that no measurable quantity of material be removed from the surface ; 
consequently, very dilute solutions are used, and the process is called etching, 
the difference being merely one of degree. In Appendix V. details are given of 
the most suitable solutions for various materials. Sand-blasting alone is not 
sufficient to reveal flaws; in fact, it often hides them; but sand-blasting in con- 
junction with pickling is satisfactory. 

It should be borne in mind that pickling will leave hard steels in a brittle 
condition, due to the absorption of the hydrogen evolved during the process. 
This is not serious if attended to, because on heating for about an hour at 150 
to 200°C. the gas is expelled and the steel will return to its normal condition. 


ria. 12. 


Flaw re vealed by etching. 


Fig. 12 shows how etching will reveal longitudinal flaws in a hardened 
gudgeon-pin that could not be detected by other means after grinding. Bice 13 
shows an inclusion in a valve and Fig. 14 an inclusion in a connecting-rod re 
vealed by similar means, Fig. 15 shows how on etching a case-hardened surface 
which was suspected of being full of small cracks the fact was revealed that the 
grinding had been forced; in fact, etching forms an excellent check on grinding, 
: This is due to the fact that 


and shows at once any cracks caused by bad work. 
ething fluid will attack fully hardened steel only very slowly, while the spots 
softened by the heating of the grinding wheel are attacked more rapidly, etching 
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thus giving a whole range of shades varying from light grey to black. A eee 
eround case-hardened steel on etching in 2 per cent, nitric acid in alcohol shoulc 
show an even grey all over, whereas if the grinding has been forced, resulting 
in overheating, the soft places will show up dark brown to black. Moreover, 


FIG. 13. 


Inclusion revealed by etching. 


Fic. 14. 


Inclusion revealed by etching. 


when once a surface has been ill-treated in grinding so that temper colour appears, 
a light cut which will remove the colour will not destroy the evidence, for etching 
will reveal it. Fig, 16 shows how etching reveals severe bruising of the metal 
by the use of a blunt milling cutter in the rough-machining stage, the effects 
of which have not been removed by the finishing cut. 

Incidentally, it may be mentioned that in unhardened steel the more carbon 
there is present the darker is the resulting etch. 
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In Fig. 17, is shown a very interesting example of the value of etching. 
A tap had broken in a hole in a nickel-chromium steel part, and the fitter in all 
innocence had applied a blowpipe with the idea of softening the tap so that it 
might be drilled out. Unfortunately for him, the tap was of high-speed steel, 
and refused to be drilled. It was then decided to trepan out the broken tap, but 
the trepanning tool would not cut the nickel-chromium steel, which was normally 
of only 60 tons tensile strength. At this stage the metal round the hole, although 


15. 


Foreed qrinding TEVE led by etching. 


somewhat discoloured by the flame, appeared to be quite normal. Fortunately, 
the affair then came before someone who sent the part to be etched, and Fig. 17 
shows what was revealed. What had actually happened was that the blowpipe 
had heated the steel above its hardening temperature, and on the withdrawal of 
the flame the large mass of cold metal quenched the hot area and gave it a tensile 
strength of about 100 tons. Also, the differential expansion which had then taken 
place had put the metal in a state of great strain, and it only needed the action 
of the etching fluid to release the strain, 


Extent of bruising. 


16. 


Bruising (due to reugh machining) revealed by etching. 


(11) Sulphur Prints.—This test is applicable only to steel, with the exception 
of the high-chromium stainless group. For this test the steel surface should 
be finished with No, I or O emery cloth, and the actual test is performed by 
first soaking ordinary bromide printing paper in a 5 per cent. solution of sulphuric 
acid in water for a few minutes, lightly squeegeeing to remove excess moisture, 
and applying the paper to the steel. Trapped air bubbles may be avoided by 


| 
| 
| — 
rs, 
ng 
tal 
‘ts 
on 


152 L. W. JOHNSON 


applying the paper from one end and using the squeegee to ensure good contact, 
Usually the bromide paper is left in contact for about three to five minutes, and 
the progress of the print can be watched occasionally by turning up one end 
of the paper. After removal the paper must be thoroughly rinsed in water, fixed 
in hypo solution in the ordinary way, and dried. 


Typical sulphur prints are shown in Fig. 18. The black spots denote the 
sulphur, which in contact with the acid forms,gsulphuretted hydrogen and blackens 
the silver bromide. As nearly all the sulphur is thus attacked by acid a second 


print would be very faint, so it is necessary to prepare a fresh surface for each 
print. 


FIG. 17. 


ka cracks in ai steel duc to local overheatin«e 
J 


This test provides us with information regarding the distribution of sulphur 
in steel. Sulphur, per se, may not necessarily be very dangerous provided that 
it is properly looked after. Sulphur forms with iron a sulphide that distributes 
itself in a thin envelope, tending to surround the crystals and rendering the steel 
both hot and cold short—that is, brittle at al] temperatures. Fortunately, how- 
ever, manganese has a much greater affinity for sulphur than iron, and forms 
a sulphide, distributed in the ingot as minute spheres which become elongated on 


forging, and, provided they are not too numerous, are harmless. ‘Theoretically, 
if the manganese exceed the sulphur content by 1.7 times none will be available 
for the iron; actually, it exceeds the sulphur by a large factor of safety. 

(12) Macro-Etching.—It has been known for a long time that the mechanical 


properties of metals differ when tested in directions that vary from the direction 
of rolling, and, without stretching the simile too far, steel in the worked con- 
dition possesses a grain related to that of timber. In Table II. the physical 
properties are given of various materials when tested parallel to and transverse 
to the grain flow. 
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In Table 11. the elastic limits and yield points have not been shown because 
they do not vary very much in steels between the longitudinal and transverse 
directions. With the light alloys there is, in general, a more pronounced difference, 
except in sheet material. 

In the case of important forgings it is, therefore, essential to know whether 
the grain flow is the best obtainable, and this can be ascertained by means of 
macro-etching, a description of which process is given in Appendix VI. Under 
the heading of Forgings and Drop Stampings the actual practical application of 
macro-etching is discussed. 


18. 

Sulphur prints showing 
(a) Bad segregation. 
(b) Kren distribution. 
(c) Uneven distribution. 


The Origin of Defects 

Before proceeding to a résumé of the different types of materials and their 
inherent defects it may be helpful to follow the progress of steel through its various 
stages of manufacture as briefly as possible. 

On pouring the steel into a cast-iron mould a thin layer of steel is instantly 
chilled (see A, Fig. 19), with the result that it entraps air, blowholes, slag, and 
non-metallic impurities. After this cooling is less rapid, and crystals are formed 
in contact with the chilled layer that grow inwards and at right-angles to the 
surface, since growth in any other direction is resisted by the crystals themselves. 
Their shapes are columnar, and they are known as dendritic or ‘‘ chill ’’ crystals 
(see B, Fig. 19). If the casting temperature or rate of cooling is low jenough 
there comes a period when crystallisation becomes general from a series of centres, 
with the production of small equi-axed crystals which are known as “‘ free ”’ 
crystals (see C, Fig. 19). While the crystallisation has been going on contraction 
has also taken place, with the result that the level of the centre portion of the 
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ingot is continually falling and a “‘ pipe *’ is produced (D, Fig. 19). The following 
detects may occur in connection with such an ingot: 

(a) Because of the comparatively slow cooling there is a tendency for the 
impurities which have a lower melting point to form an exceedingly thin film 
around the chill crystals and to be pushed forward into the mother liquid, until 
on the final solidification they are lodged along the junction between the chill 
and the free crystals, thus forming planes of weakness. 

(b) Planes of weakness also occur along the junctions ¢ 
(XX and YY, Fig. 19). 

(c) Solid contraction tends to set up stresses 
between the chill crystals and cracking along the junctions mentioned in (a). 

(d) Obviously, the portion remaining molten the longest consists of the more 
fluid mother liquid, which is so by virtue of its richness in carbon, sulphur, and 
other segregates that are found at the base of the pipe and the neighbouring 
If a ** wild’ steel is cast these fluid segregates are more 
spot 


of the chill crystals 


which cause smail cavities 


contraction cavities. 
scattered and may even be forced into blowholes, with the formation of 


segregation, 
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(e) Due to the liberation ot gas on “ freezing *’ gas-holes may be distributed 
in the ingot. Also, blowholes are found in the laver ‘‘ A,’’ due to the action 
ts of steel splashed on 


ts 


of the carbon in the steel with the oxide coating on pelle 
to the walls of the ingot mould, 
Of these detects the steel make easily 


a nuisance to the 


detects group (b), but those 
groups (a) and (c) may become 
the form of seams and_ hair-lines o1 
blowholes, provided that their surfaces are perfectly clean, will weld up 
forging. Those found at or 


and, failing to weld up, are drawn by subsequent working into roaks. 


out 


visible, seams and roaks are chipped out, but it is always difficult to determine 


if the chipping has completely removed a seam. 


The small segregations that are trapped near the junctions of the chill and 
which on machining show up as streaks having 
the steel. In certain cases 
i.e., alternating 
The sieel maker cuts off 


the free crystals form ‘‘ ghosts,”’ 
a colour slightly different from the remainder of 
an uneven distribution of phosphorus will produce ‘‘ banding,’ 
layers rich respectively in phosphorus and carbon. 


the drop-forger and engineer in 
hatr-cracks respectively. Gas-holes and 
on 


near the surface, however, are usually oxidised, 
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the top portion of the ingot containing the pipe, but may on occasion leave behind 
unsuspected pipe if this be intermittent. 

According to the importance of the forgings to be made from any particular 
cast, the ingots may be planed all over to remove the impure outer skin, and 
also may be quartered longitudinally in order to get rid of any axial defects. 
On the other hand, hollow parts (which have no central portion) can be made 
satisfactorily from billets having slight axial defects. 

It should now be clear why sulphur-printing and macro-etching are of value. 
The distribution of the sulphur is a guide to the conditions under which the 
ingot was made, and it will inform us whether axial splitting of a forging is 
due to faulty hammering or to piped and segregated material. It will also 
show the presence of spot segregates which cause trouble in drilling. In other 
words, excess of sulphur is associated with other harmful circumstances, whilst 
not always being necessarily harmful itself, 


20. 


Cross section of a poor steel ingot showing columnar crystals 


around the exterior and the internal free erystals. 


Fig. 20 is a section of an ingot, which shows the two types of crystals. 

In Figs. 21 and 22 are shown sections of good and bad ingots respectively. 

Fig. 21 shows quite clearly how the steelmaker designs his ingot mould 
and feeder-head so that the whole of the piping is confined to the feeder-head. 

From the previous section it should be clear that certain types of defects 
may be found in all the ingots of one cast, and on the other hand they may 
be confined to one particular ingot or to a portion of the total ingots cast. 

This clearly establishes the importance of ordering, inspecting, storing, and 
machining forgings and bar material by casts and/or batches, so that on the 
discovery at any stage of manufacture of defects which necessitate the scrapping 
of the whole or portion of a cast this may be done with the minimum amount 
ef confusion. 
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Forgings and Drop Stampings 

The Object of Grain Flow.—We have seen that steel is subject to various 
defects, mostly originating in the ingot, and that contraction cavities between 
the crystals and blowholes having clean surfaces will usually weld up if suff- 
cient forging is done on the slab, so that the crystals are distorted and _ inter- 
locked. This is essentially the case with crankshafts made by drop-stamping 


21. 

Section of a good ingot. 
that show ‘*‘ snaky ’’ grain because of the comparatively large amount of forging 
which is necessary to prepare them for the dies, but those having straight grain 
are made from slabs as large as the biggest overall dimension of the shaft. 
This means that the centre portion—that is, the journals—will have very little 
forging, besides being situated in that part which is most likely to contain segre- 
gations and other unsoundness. 


Fic. 22. 


Section of a bad ingot. 


One other consideration is that any defects in the steel, such as slag and 
silicate inclusions, hair-cracks, etc., will lie in the direction of the grain flow, 
and consequently if the stresses are at right-angles to the flow (e.g., up-ended 
gear blanks) defects will not be nearly so dangerous. If case-hardened bushes 
or races are made from bar, any slag, etc., present will lie parallel to the surface 
and be a source of trouble, but if they are made from up-ended blanks such 
inclusions will only appear as pin points, and will be harmless. 

As we have seen in Section 12, the mechanical properties of a metal are 
superior when tested longitudinally, so it is very important that the flow of the 
metal shall be in the best possible direction. One standard example of this is 
that of the gear blank made from flat bar, Fig. 23 (a) and Fig. 24, or, alterna- 
tively, by up-ending, macro-sections of which are shown in Fig. 23 (b) and Fig. 
25. In the first case it will be seen that the direction of the grain flow varies 
from o degrees to 90 degrees to the teeth, which is a very undesirable state of 


affairs, whereas in the second case the best possible grain flow exists in all the 
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teeth. Up-ended blanks should always be used w here the centre is removed or 
is unimportant, as any axial defects are thus eliminated or become harmless. 


Section C.D, 


FIG. 23 (a). 
Gear blank made by flat bar method. 


Fig 23 (b). 


Gear blank made by *‘ up-ending.”’ 


FIG. 24. 
Macro-section of gear blank made by the fiat bar method. 


Similarly in Figs. 26 and 27 it will be seen that in the one case the shaft 
has been made by bending the ‘‘ use ” before drop-forging, whereas the other 
shaft has been made by slabbing, resulting in most unsatisfactory grain flow 
at the junction of the crankpin with the web, always a_ potential “source of 
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trouble. Fig. 28 is a good example of grain flow in a valve. Fig. 29 shows 
a connecting-rod forging which exhibits a well-developed grain flow, although 
the shank has been ‘‘ dummied ’? down somewhat unevenly. The grain flow at 
the big end shows that the rod has been forged down from a billet as wide as 
the big end, whereas a smaller billet should have been used and the big end 
first jumped up to produce a more nearly ideal grain flow parallel to the surface. 
Fig. 30 is a macro-section of the twisted journal of a crankshaft. 


25- 


Macro-section of gear made by upre nding or up-setling. 


Macro-etching of crankshaft showing snaky grain. 


Fig, 31 is a macro-print of a sectioned swivel axle, which failed in service, 
showing original primary segregation from the ingot axis (through which the 
fracture occurred) coupled with an unsatisfactory method of drop-forging which 
accentuates the influence of the defective area. 

As a rough guide when ,examining defects which have been discovered in 
forgings it may be said that if the defect follows the grain flow it is due to 
the material, otherwise the stamper is probably to blame. 
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Burnt steel is always ‘‘ red short,’’ so, on forging or stamping, the portions 
that are not restrained by the die will show cracks and fissures, these frequently 
appearing in the heads of valves and in the flash of stampings. It is possible 
to make stampings from burnt steel in dies that will not permit unrestrained 
flow, and while these may not show such cracks the surface will be rough and 


BiG. 27. 


Macro-etching of crankshaft made by i slabbing.”’ 


Fic. 28. 


Macro-section of a valve stamping. 


cracks will develop on pickling; moreover, on machining small defects will be 
noticed in the vicinity of what was a burnt patch. Once steel has been actually 
burnt it is ruined for ever, but merely overheated steel can be reclaimed by 
suitable heat treatment. 

Laps, undue flow at the clipping line, and faulty clipping with blunt shears 
may all leave the beginnings of cracks which will develop on heat treatment. 
If heat treatment is to be performed after machining, rough or finished, there 
should be left no sharp corners, bad tool marks, or deep scratches, all of which 
have the same tendency to form cracks. 
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Clinks or fire cracks may not always be visible on the surface of a forging, 


but may be seen in such places as the bore of a crankshaft after machining, 


These are caused by differential expansion during the general contraction of the 
ingot, or by subsequent rapid and uneven heating, especially through the change 
point, at which a sudden contraction occurs. Certain nickel alloys may develop 
fire cracks on annealing alter severe cold-working. Steels which air harden in- 
tensively are apt to develop surface cracks due to quick cooling on the floor 
after forging. This type of crack is similar to that shown in Fi; 


FIG. 20. 


Macro-section of connecting rod stumping. 


FIG. 30. 


Macro-section of twisted journal of a crankshaft. 


The test-piece for a large stamping should be integral and of approximately 
the ruling thickness, thus ensuring that it has suffered a similar amount of 
forging ; also, the mass effect, if any, on heat treatment will be apparent. It 
should be large enough to furnish duplicate test-pieces for use in case the first 
heat treatment should fail. The proportion of test-pieces will vary from 100 
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per cent. in the case of important forgings down to one piece per heat-treated 
batch of small stampings. In the latter case the test-piece will be forged 
separately, and therefore will not necessarily give the actual physical properties 
of the forgings it represents, the results having to be interpreted in conjunction 
with the known scale effect. Where possible, it is always preferable to take 
test-pieces from the actual stamping, making due allowances for the grain flow. 


| 
| 
PIG. 31. 


Macro-etching of broken swivel aale showing 
segregation at the failure. 


In general a Brinell and an Izod test should suffice to indicate the properties 
of the test-piece and the parts it represents, and only in special cases should it 
be necessary to make a tensile test. If the required results cannot be obtained 
from alloy steels after two heat treatments, the parts should be scrapped, as 
repeated treatment is liable to cause a deterioration in the mechanical properties 
of the steel. In Appendix VII the mechanical properties of a nickel-chromium 
steel after various heat treatments are given as a guide. 


Bar Material 


Defects likely to be encountered will usually be longitudinal and due to 
roaks, seams, and laps, the latter being produced by rolling in the fins formed 


by the rolls (see Fig. 32). The depth of these can be determined by filing a 
Vee or by a fracture test. The latter test will also reveal any axial segregation, 
which would be harmful in taps, drills, chisels, balls, rocker buttons, etc., but 
not necessarily so for parts which have their centres removed, such as hollow 
shafts, milling cutters, and ball races. 
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FIG. 32. 
(a) Fins formed in rolling which produce the laps seen in (bd); 
(c) seam or roak; (d) burst centre. 
It is rather important to note the difference between a roak and a lap. In 
Figs. 33 and 34 are shown sections of a lap and a roak respectively. Apart 
from the peculiar grain flow around the lap (Fig. 33) the metal is quite sound 
or 
ck 
a 
10 
st 
pi 
fr 
be 


BiG. 32. 


Section through a lap. 


and normal, so that, provided that the whole of the lap is entirely removed by 
machining or other means, no harmful effect remains. On the other hand a 
roak is always surrounded by an area of unsound metal which varies in accord- pl 
ance with the origin of the roak. This is clearly seen in Fig. 34, and obviously 
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it is necessary not only to remove the roak but also the harmful material around 
its root. In order to be certain that sufficient metal has been removed, it will 
be necessary to take a sulphur print which must show a regular distribution of 
the sulphur and also to etch with acid which must show an even matt grey 
coloration, ; 

extruded bars may occasionally give rise to what is known as the ‘‘ extrusion 
defect,’’* which is usually confined to the last 25 to 30 per cent. of the extruded 
billet. This defect, which is easily seen on fracturing the bar, produces a core 
that breaks at a different point from the outer ring and is sometimes quite loose. 

Bars which have had to be heat treated should always be Brinell tested at 
both ends, and when used for vital parts it is not amiss to test them also at 
mid-length, so as to make sure that the treatment has been carried out uniformly. 


FIG. 34. 
Section through a roak. 


Perhaps it will be as well to mention at this stage the effect of case-hardening 
on the fracture test. Most of us are familiar with advertisements showing won- 
derful fractures which appear to have good fibre, and imagine that unless such 
a fracture is always obtained the steel is bad. Such is not the case, however, 
for we must not confuse the difference between the tough fracture of very mild 
steel and one that consists of minute laminations due to slag inclusions and 
partially welded up pipe and gas cavities (see Fig. 35). Both have the same 
general appearance. Again, a case-hardened carbon steel may show a crystalline 
fracture in the core. This may be quite satisfactory, as the case, being non- 
ductile, will not allow the core to break in the normal manner, but if the case 
be ground away and the core broken, the fracture will be found to be fibrous. 


Castings 
Castings can be conveniently grouped as follows: 
1. Aluminium and magnesium alloys. 


2. Steel. 
3. Cast iron and malleable iron. 
4. Brass and bronze. 


The inspection of castings is a somewhat intricate problem. In the first 
place, no single test-piece, whether cast integrally or separately, can convey 


* See Jour, Inst Met., Vol. XXVI., No. 2, Genders, 
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very much information about the casting as a whole. The same principles apply 


to castings as to the steel ingot which has previously been considered; but ( 
whereas it is left to the steelmaker to select the type of ingot to give the best 1 
results, unfortunately the foundryman has in many cases very far from ideal | 
conditions. The result is that he may not be able to satisfy all the liquid con- { 
traction by means of risers, or to control the solid contraction which may cause 
internal segregation, porosity and cavities on the one hand, and draws or cracks ‘ 
at changes of section on the other hand. 

( 


BiG. 35. 
Wractures of hars showing how pe rectly welded 
cavities are revealed, 


rABLE VII. 


Copper- Lynite 195 
No. 12. Silicon. Heat-treated. Alpax. 
INTEGRAL TEST-PIECE.* 
Minimum—maximum stress, 
ions per sq. in. 4.38 0.55 9.90 7.49 
Maximum stress. 8.20 10.05 10. 37 
\verage elastic limit 3-42 2.39 3.68 1.05 
maximum stress (A), 6.62 7.97 11.00 8.80 
elongation, per cent. 1.4 2.4 3.7 
SEPARATE TEST-PIECES. 
(Cast in green sand.) 
Maximum stress (B), tons per sq. in. ... 7.99 8.39 14.21 11.15 
Elongation, per cent. 2.0 5.25 5-4 
Ratio, A to B 082 0.95 0.77 0.79 
CHEMICAL COMPOSITION 
Fotal silicon }. 10 0.45 [2.72 
Magnesium. 0.10 
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There are ways and means of overcoming these troubles, chiefly by the co- 
operation of the designer and foundryman, but where there are so many variables 
to control, troubles are bound to crop up now and again. This can best be 
illustrated by referring to the work of I. H. Dixon and \. J. Lyon,! who selected 
the upper half of the Liberty aero engine crankcase and, after making c isting’s 
in four aluminium alloys, took a very large number of test-pieces from different 
sections, the results obtained from which have been summarised in Table VII. 

The low tensile values were obtained from = sections where it was vers 
diticult both to feed with metal and to overcome contraction stresses. Thus 
the designer must base his selection of an alloy, not only on its physical pro- 
perties in the form of a chill-cast test bar, but also on its casting qualities, such 
as freedom from the tendency to form draws, cracks, and ‘* worm holes ’’ in 
heavy sections. 

The tests most useful for the inspection of castings are as follows: 

(a) Fracture Test.—lIt is a good policy to test to destruction a few castings 
out of each batch in order to reveal any hidden defects, to test the amount of 
ductility, and to note the grain size. The aluminium-silicon alloys the 
modified condition show a fine grey fracture, but if modification be 
absent a coarse fracture will be obtained. ‘Therefore on important castings a 
‘coupon 7? should be cast integral, so that it may be cut off and fractured to 
show the state of the casting itself. In many cases this will be found of greate: 
value than the chill-cast test bar. 

Whilst the amount of bend obtained from the bend test-piece for steel casting’s 
is of importance, it is also advisable to have a fracture test, as this will at once 
show whether the castings have been normalised or not as the operation of 
normalising effects a very large reduction in the grain size. 

Normalising of steel castings is absolutely essential. 

In the case of malleable tron castings, those made by the Reaumur process 


show a steely fracture right through, while those by the ** Blackheart ’* process 
show a black core surrounded by a thin skin of iron. In cast iron the depth of 
chill can be seen from the fracture, also whether it is sand or chill cast. 

Phosphor-bronze should show an even grey fracture, any discoloration. in 
the fracture, such as yellow-brown patches, denoting either poor or burnt metal. 

(b) The present general attitude towards test-pieces for aluminium casting 
allovs is that they are cast separately in chill moulds to prove that the metal, 
per se, is in order, while if the pouring temperature and mould conditions are 
not right, then this will be revealed on inspection of the castings themselves 
by such defects as cracks, draws, cold shuts, entrapped skin and oxides, and 
porosity. In view of the very low elongation values of most aluminium alloy 
castings, it-has been suggested that a transverse test, such as is used so satis- 
factorily for cast iron, be adopted. 

One drawback to the use of a chill mould for the test bar is that most metals 
will dissolve gases while in the liquid state: and on solidification will eject them, 
the amount depending on the rate of solidification. The chief offender is 
aluminium, and everybody ts familiar with that trouble known as ‘* speckled 
metal.’? A chill-ecast test bar will not show this, and at the present moment 
work is in hand to find a suitable alternative method of casting test bars that 
will reveal this trouble while at the same time retaining the other valuable results 
of the chill-cast bar. 

(c) Pressure Test.—That is valuable for all types of castings. One of the 
difficulties of the inspector is to decide whether a draw is confined to the surface 
and perhaps comparatively harmless, or deeper and therefore probably dangerous. 
The pressure test will usually be found of great help, but it may be necessary to 
cut up a casting, polish and etch the sections (see \ppendix V), and keep them 


t See Jour. Inst. Met., Vol. XXXII., No. 2. 
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as standards for reference purposes. It is advantageous to mark on the drawing 
the portion of a casting that is to stand up to a certain specified pressure, rather 
than to call for the whole casting to be tested, as there may be thin sections 
carrying no real load but permitting seepage which would entail rejection of 
many otherwise usable castings. 
Castings as supplied should not be sand-blasted, pened, cte., as it is fai 
better to leave it to the user to decide whether draws or other surface defects 
are dangerous. \ pened draw, while it may be done only for the sake of 


appearance, is apt to create an atmosphere ol suspicion. 


(@) Drifting (Copper) 


(6) Double flattening (Copper) 


Cc) Flatten ng Steel 
hia. 30. 


Ductility lests for tubes. 


For individual castings, especially for the heat-treated aluminium = alloys 
such as *' Y ”? alloy, Lynite 195, and the like, the Brinell test is the most satis- 
factory. If these alloys have been heat-treated at too high a temperature, blisters 
will appear on the surface, together with a brownish coloration, 

Owing to the fact that certain aluminium alloys on reaching 250°C. undergo 
a more or less permanent growth, it is advisable to anneal such parts as pistons 
and cvlinder heads at about 350°C. for about five hours, and this treatment will 
in 
can very conveniently be performed in the inspection department, and electric 
furnaces can be recommended for the purpose. 

In Appendix VIII is given a list of a number of casting alloys and_ their 
physical properties. 


Tubes 


These are subject to longitudinal seams and other surface defects due to 
cold drawing, in many cases through badly worn dies. Owing to the enormous 
amount of drawing out done on the tubes, they will have a pronounced longi- 
tudinal structure; therefore, ductility tests should be made in the transverse 


eneral be found beneficial to all castings. In many factories this operation 


direction, preferably by flattening and drifting as shown in Fig. 36. 

For the test of actual strength in the case of cold-drawn tubes the simplest 
method is to apply a bending test. A simple machine is shown diagrammatically 
in Fig. 37. The proof load should be just inside the required elastic limit for 
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the material. The operator tests all tubes at both ends and at the middle, noting 
whether a permanent set occurs. This is an extremely rapid and efficacious test 
when carried out in conjunction with the above mentioned ductility tests. For 
soft tubes a pressure test is the most suitable, as the transverse tests may cause 
local surface damage. 


Wire 

Under the headings of Bend and Torsion Tests, wire has already been 
partially dealt with. Tensile tests also are essential, together with a measurement 
of the elastic limit which can be obtained in a fairly simple manner by bending 
the wire round a definite radius and through a certain angle and noting the 
amount of spring on release. This test should in the first place be calibrated 
with ordinary stress/strain tensile tests. 


FIG. 37. 


Bend-test for tubes. 


If the wire has been made from a piped ingot containing axial segregation, 
there will be a tendency during the drawing process for the less ductile centre 
portion to pull apart, and this is shown diagrammatically in Fig. 38. Needless 
to say, the defect would be revealed by any of the above tests, and will not be 
found in the whole of a large consignment of wire from one cast. 


Season Cracking 


If brass has been fabricated in the form of bars, tubes, and sheet by unsuit- 
able cold-working operations, so that internal stresses are set up in the material, 
these are liable in course of time to cause cracks to appear, especially if the 
brass be subjected to corrosive influences. 

Brass, bronze, nickel-silver, and arsenical copper are subject to this season 
cracking,* but the state of strain may be partially or even wholly relieved by 
shock, as by reeling, hammering or malleting, springing and, in the case of 
wire, by whipping. However, the most satisfactory method is to subject the 
suspected materials to low-temperature annealing for 20 to 30 minutes at 175° 
to 200°C., when all tendency to season crack will be removed with no deteriora- 
tion of physical properties. 


* See Jour. Inst. Metals, Vol. XXXII., No. 2, Moore, Beckinsale and Mallinson. 
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Fortunately a fairly simple test is available to detect the possibility of season 
cracking. If a specimen of the suspected material be immersed for 30 seconds 
in a mixture of go volumes of concentrated nitric acid (Sp. Gr. 1.42) and 60 
volumes of water at room temperature, then thoroughly rinsed in water ana 
immediately immersed in a solution of mercurous nitrate (F grm. to 1co ¢.c. of 
water containing 1 c.c. of concentrated nitric acid) for five minutes, cracking 
wiil occur after 30 to 45 seconds if the material is subject to season cracking. 
If no crack apsears within that period the material may be considered free from 
the trouble 


Welding 

Two troubles must be guarded against in welding. First, owing to the 
intense local heating, differential expansion is set up and may cause puiling and 
cracking in the neighbourhood of the weld; secondly, there is the danger of 
burning and entrapping slag, oxides, and other impurities in the weld itself. 
Sand-blasting and pickling form the most satisfactory means of inspecting welds, 
but even these processes cannot be relied upon to show up internal defects. 

The preferable way of checking welding is io take check welds at irregular 
intervals and submit these to tensile, bend, and microscopical tests, since total 
destruction is the only proof of soundness. 


Fic. 38. 


Section of cuppy wire. 


Conclusion 

From a perusal of the above defects it might be assumed that it is a miracle 
that any engine manages to run at all before breaking up, but the position is not 
quite so seemingly desperate. It is because of such defects that the metallurgist 
can make the attempt to perfect his technique so that the number of failures 
due to imperfect material will approach to zero, but there still remains the human 
element with its personal equation, rendering an inspection system necessary. 
One plea is put forward, namely, that in the past the inspection of raw materials 
has rather been considered a thing that a labourer could do—possibly the use of 
the term the ** Rough View ’? has helped this—but it is submitted that a really 
efficient raw material inspection system should be composed of highly trained 
men, and that the status should be equal to that of the ** Finish View.”’ 

As no mention has been made in this paper of the function of the laboratory, 
it is not to be assumed that chemical analysis and microscopical examination 
can be dispensed with. These are absolutely indispensable in their particular 
sphere, but the object of the paper has been to show that comparatively simple 
tests are available for use in the workshops, and that if these are intelligently 
applied under the guidance of, say, the laboratory, a much higher percentage 
inspection of material can be carried out which does not necessitate the use of 
comparatively expensive apparatus. 

The future trend of imspection should be towards 100 per cent. and should 
be non-destructive. Towards this end, the development of magnetic analysis 
and X-rays will enable raw material to be inspected and etching and the small 
type Brinell machines wili enable finished material to be inspected. 

The author wishes to make his acknowledgments and to tender his thanks 
for help and criticism to M1. A. H. R. Fedden and Messrs. The Bristol Aeroplane 
Company, Ltd., and also to Dr. L. Aitchison, Mr, J. H. Dickenson, Dr. W. H. 
Hatfield, and others who have kindly lent him illustrations and slides. 
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APPENDIX I, 


Tensile Tests at High Temperatures 


In Fig. 39 the test-piece A is screwed into the testing machine grips B. 
The electric furnace consists of a heating tube C spirally wound with nickel- 
chromium wire, so spaced that an even temperature is obtained over the length 
of the test-piece. The heating tube is held in place between the two uralite 
disks D, which in turn are supported by a sheet iron casing E. The temperature 


FIG. 309. 


Electric furnace for high-temperature tensile tests. 


is taken by means of a thermocouple F arranged in close contact with the test- 
piece, and the open ends of the furnace are closed with asbestos lagging in order 
to maintain a steady temperature condition. 

After reaching the desired temperature, the test-piece should be maintained 
at that temperature for a further hour before the test commences, when the rate 
of pull should be definite, such as half a ton per sq. in. per minute. 


APPENDIX II. 


Approximate Conversion Charts for Hardness Tests 

Whilst these charts, Figs. 40, 41 and 42, are not absolutely definite they 
will be found to offer a close enough approximation for ordinary testing purposes. 
The reason for the difference between the diamond hardness numbers and the 
ordinary standard Brinell hardness numbers is that in the former case all impres- 
sions are geometrically similar because the indenting tool is a pyramid, whereas 
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they are not so in the case of the ball. A further variation is caused above 
about 700 hardness number by the elastic deformation of the steel balls, and in 
any case it is not advisable to use a steel ball above 550, and also when used in 
this region the ball should be very frequently changed. 
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FIG. 40. 


Conversion from Brinell hardness Nos. to tensile 
stre ngth for steels. 
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FIG. 41. 
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The chart in Fig. 4o is for normal stecls only, i.e., the standard plain carbon 

It does not apply to certain austenitic steels (such as the high 
type) unless they are in the cold-drawn condition. In their soft 
state they have a very low yield point which would make the Brinell number 
give a low maximum stress value for this chart. The only satisfactory test in 
this case is a tensile test. It will be found, however, that if the maximum stress 
value obtained from this chart be ha'ved it will more or less represent the yield 
point for this particular material in its soft state. This also applies to brass 


and alloy steels. 
nickel-chromium 


and other low yield point materials. 
The tensile strength of wrought light alloys (e.g., Duralumin, ‘‘ Y ”’ alloy, 
etc.) can be obtained approximately from the formula 


Brinell Hardness No. 
Tensile strength ) 
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APPENDIX III. 


Temper-Brittleness 

Temper-brittleness* or Krupp Krankheit is a defect found in some nick 
chromium steels which have been tempered in or cooled slowly through the 
temperature range 400° to 550°C., and is shown by a low impact value. The 
exact cause is unknown, and it is possible for one of two steels having similar 
chemical compositions to show the defect and for the other to be entirely free 
from it. The addition of molybdenum to a_nickel-chromium steel tends to 
prevent the defect. The following points should be borne in mind (the assump- 
tion being that the steei is subject to temper-brittleness) :— 

(1) If the steel has been tempered in the range of 400° to 550°C. it will have 
a low impact value, however quickly it has been cooled. 


el- 


* See Report on Materials of construction used in Aircraft and Aireraft engines, by C. F. Jenkin. 


| 

| 

| 


482 L. W. JOHNSON 


(2) If the steel has been tempered above 550°C., but has been cooled slowly 
from that temperature, it will have a low impact value which will vary inversely 
as the rate of cooling. For example, in the case of thin sections, cooling in 
air will be sufficiently rapid to prevent temper-brittleness. 

(3) A steel in the temper-brittle condition can be restored by re-tempering 
at a temperature above 550°C., followed by quenching in water or oil. 

(4) Provided that the steel has been hardened and then tempered above 
550°C., followed by quenching in water or oil (which will give a good impact 
value), it is quite safe subsequently to heat the steel up to any temperature below 
4goce°C. and cool slowly. 

This means that if a nickel-chromium steel component has ‘‘ seized-up ”’ 
and the temper colours produced do not go beyond the blue or blue-grey colour 
then there is no danger of temper-brittleness being produced in that component. 

The following example gives the effect of different rates of cooling on a 
nickel-chromium steel hardened in oil from 830°C, and tempered at 625°C., fol- 
lowed by cooling in 


ae 


Water bo ft.-lb. 
Oil 


There is one application of the effect of temper-brittleness, for in annealing 
nickel-chromium steels to render them ‘ softened for machining ”’ this condition 
is induced and it has been known to cause the fracture of bars and stampings 
through rough handling. 


APPENDIX IV. 


The ratio between the fatigue limit (in alternating bending) and the maximum 
stress for the norma! steels lies between 0.46 and 0.52 and is fairly constant. 
For the non-ferrous allovs, however, there is no definite ratio, and consequently 
it must be determined for every different set of conditions. Tables showing the 
ratios of a large number of materials are given in ‘‘ The Report on the materials 
of construction used in Aircraft and Aircraft Engines,”’ by C. F. Jenkin; 
“* Fatigue of Metals,’? by H. J. Gough; and *‘ The Fatigue of Metals,’’ by H. F. 
Moore and J. Bb. Kommers, all of which are in the Institution Library. 


APPENDIX V. 


Pickling and Etching Solutions 

For Steel 

Pickling.—One part of strong sulphuric acid in twenty to thirty parts of 
water (add the acid to the water, not vice-versa) or 5 per cent. solution of 
hydrochloric acid in water. Use cold or hot. The parts should be freed from 
grease before immersion in the acid solution, either by washing with petrol or 
by immersion in a boiling five per cent. solution of caustic soda in water, followed 
by a water rinse. It may be necessary to remove the steel from time to time 
from the acid bath and to use a scratch brush to remove adherent scale. Finally, 
rinse thoroughly in water and dip in lime water to neutralise the acid. 

Etching.—(1) Three per cent. solution of concentrated nitric acid in methy- 
lated spirits. 

(2) Ten per cent. ditto. 

(3) A mixture containing 20 per cent. nitric acid and 2 per cent. hydro- 
chloric acid in methylated spirit. : 

All the above are to be used cold. 


( 
tl 
a 
h 
‘T 

V 
1 
il 
I 
Ss 
5 t 


ny 


THE INSPECTION OF METALS AND THEIR ALLOYS 483 


Thoroughly clean the steel parts and get them free from grease by means 
of acetone, petrol, or an electro-chemical cleaner, or by the use of the Crawshaw 
Chemical Colander with the appropriate solution Crawshawpol, and immerse 
them in the etching fluid as follows :— 

(a) Five minutes in number one for ordinary carbon, nickel, or nickel- 
chromium steels. This will not measurably affect the dimensions 
of finished parts. 

(b) Five minutes in number two for the same steels as in (a). This can 
be used for partially machined parts. 

(c) Three to ten minutes in number three for stainless steels, high 
nickel-chromium valve steels, etc. 


After etching the steel parts will have a loose, dark, grey-black deposit, 


which must be wiped off with 2 soft cloth or brush. Thoroughly rinse, dip in 
acetone, and allow to dry. After standing a short time, any cracks will be 
revealed by the oozing out of the acid. After examination the parts should be 


heated to 120° to 140°C. for 15 minutes. 
Unless the cleansing from grease be thoroughly carried out, trouble will be 
experienced with uneven etching. 


For Brass and Bronzes 


Pickling.—Fifty per cent. of nitric acid in water. (Note: Effective means 
must be provided to draw off the poisonous fumes. ) 
Etching.—Ten per cent. solution of copper ammonium chloride in water. 


Then add ammonia until the blue precipitate, which is at first formed, is just 
dissolved and a deep blue clear solution is obtained. 


For Aluminium and Alloys 
Pickling.—(a) Five per cent. solution of caustic soda in water, used hot. 
(b) 25 per cent. ditto, used cold. 
Immerse the parts for two or three minutes in (a) or for ten minutes in (b), 


then thoroughly rinse in water. There will be an adherent black coloration 
which must be removed by dipping for a few seconds in 50 per cent. nitric acid 
in water (the fumes must be drawn off by suitable means). Then rinse thoroughly 


in cold water, dip in boiling water, and allow to dry. 

tching.—Use ten per cent. of caustic seda in water, cold. Immerse for 
two or three minutes, rinse in water, and proceed as under pickling to remove 
the black coloration. 


Magnesium and Alloys 

Pickling.—(a) Carbolic acid. 

(b) Twenty-five per cent. of nitric acid in water. (Note: Effective means 
must be provided for drawing off the poisonous fumes.) 

Dip in either solution for about 30 seconds, thoroughly rinse in water, then 
dip in a 10 per cent. cold caustic soda solution to neutralise the acid, then dip in 
boiling water containing a trace of potassium bichromate, and dry. 

Ktching.—One per cent. solution of nitric .acid in acetone or methylated 
spirits. 


APPENDIX VI. 


Macro-Etching 

(1) SrreL.—Pre paration of Surface.—Tool and file marks should be removed 
by grinding or rough polishing, since the etching attack would accentuate rather 
than remove these. Take down to No. O or I emery finish, observing that each 
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successive direction of emery polish is at right-angles to the previous one, and 
that the final one is at right-angles to the suspected grain flow. Then thoroughly 
free the surface from any grease. 

Prolonged etching in 10 per cent. nitric acid will develop the macro-structure, 
and this will be seen more clearly whilst in the etching fluid than when removed 
and dried. This needs a finish of at least No. O emery. 

The following method, due to J. C. W. Humphrey,* is to be preferred: 
Two solutions are required, (a) copper ammonium chloride, 120 grammes in 
water, 1,000 c.c.; and (b) soiution (a4) to which has been added 20 to 50 ¢.c. of 
concentrated hydrechloric acid. The weaker acid solution is used for alloy steeis, 
and the stronger for plain carbon steels, 


Izod ft. Ib. 


Maximum stress 


Elongation and reduction of area per cent 


wo 200 300 400 500 600 700 aur 
Tempering temp. deg. C. 


FIG. 43. 


Kffect of tempering on nickel-chromium steel. 


Immerse the part to be etched face upwards in the neutral solution (a), when 
a loosely adherent film of copper will be formed, which should be wiped _ off 
every few minutes to see how the etch is progressing, and fresh solution added, 
since the strength rapidly deteriorates. This should be carried out until the 
emery scratches have been removed and the macro-structure is showing in marked 
relief. 

Solution (b) is used to accentuate this relief etching. If the steel were to be 
immersed direct into the solution ()) there would be deposited an adherent film 
of copper which would be difficult to remove. This can be overcome by first 
immersing the steel in solution (a) for 10 to 15 seconds, so that a loose copper 
film is deposited all over the surface, and then removing to the acid solution. 
Every few minutes remove the steel from the acid solution, thoroughly rinse in 
running water to remove all traces of acid, and then wipe off the copper film, 
which will be found to be only loosely adherent. Carry on with this for about 
15 minutes, always commencing each fresh etch with a preliminary dip in the 


* See Jour. I. & S. Inst., Vol. XCIX., No. 1, p. 273. 
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neutral solution. It is preferable gradually to increase the acid strength after 
each etch until the maximum concentration is obtained. The surface should be 
thoroughly cleaned free from any black carbide deposits with a soft brush and 
then dried. Finally, rub lightly over the surface with No. OO emery cloth, 
which will have the effect of accentuating the relief portions. 

The etched surface is so strongly in relief that it is usual to carry out direct 
contact printing by means of printer’s ink and a press or other arrangement for 
applying the necessary pressure to the back of the paper. 

(2) Atuminium ALLoys.—Macro-etching of these alloys is comparatively 
simple, as it is only necessary to employ the methods given for etching in 
Appendix V, using the cold 25 per cent. caustic soda solution. The surface 
should be No. OO emery finish, or preferably polished, and the etch will take 
about 15 minutes. Remove the black deposit with nitric acid as usual. 

(3) Brass, Bronze, rerc.—Produce a finish similar to that required for 
aluminium alloys, and etch with 50 per cent. nitric acid as under ‘* Etching ’’ in 
Appendix V. 


APPENDIX VII. 
Fig. 43 shows the effect of various tempering temperatures (followed by 


water quenching) on rfin. bars of a typical nickel-chromium oil hardening: steel 
coutaining approximately :— 


Carbon 0.30 per cent. 
Nickel ... 3-50 


This chart is also typical of air hardening nickel-chromium steel. 

The properties obtained from larger size test bars, /.c., above 3in. diameter, 
would tend to give somewhat lower ductility and Izod figures. 

Fig. 44 shows the effect of the increase in the carbon content on the tensile 
properties of ordinary carbon steels. 


70.7 


04 06 08 
Carbon per cent 
F1G. 44. 

i ffect of carbon on tensile properties of plain carbon steels. 
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APPENDIX VIII. 

Minimum Test Values from Sand-cast Test Bars tl 
= té 
4 n 

= 
a 

Tons per sq. in. 

te 
3% Aopper, 12% Zine ... 6.5 10.0 55 2.95 — 
Copper (3L11) 6.5 8.5 2 55 2.84 — 
Copper 7.0 8.5 I 65 2.90 — 

\ Alloy (1.24) as cast 10.0 75 2079 
heat-treated... 11.5 14.5 100 2.70 
12%, Silicon Alloy (Alpax, Wilmil, b 
Silumin) modified 11.0 50 2.68 
12%, Silicon Alloy (Alpax, Wilmil, in 
Silumin) not modified ... — 7.0 I — 
4% Copper, 3% Silicon. cast 8.5 2 55 2.75 
Copper, 2° Silicon. Heat- 
Sj 
treated... - 12.0 I 65 2-75 
8% Copper, 2% Silicon ... O85 8.5 2 55 2.83 
MAGNESIUM ALLOYS. ti 
Electron 9.0 4 50 1.82 — 
Brass, Bronze, Ere. 5 
Common Brass _.. 15 15 50 8.6 
Special Brass— re 
(B.E.S.A. 208-1924) Grade 1!. 12 28 25 — 8.6 — Il 
15 22 18 - - — a 
” 3 17-5 34 15 il 
” ” } 20 36 15 b 
25 45 12 a 
Gun-metal 88/10/2 .. 14 10 70 8.56 
Phesphor-Bronze (B8)— ... — 10 Go 8.6 = oO 
(4 max.) S| 
Lead Bronze (20°), lead) 12 45 — — oO 

Aluminium Bronze (Die cast) II 32 21 100 
Aluminium Nickel Bronze (Die 
cast) 30 40 12 18c fi 
STEEL CASTINGS 
Hard {S:A.E.. 1235) 1h 36 15 - n 

Soft .. de: 12 22 —— ‘120 degrees 
TRON CAstina. 
Reaumur — 19 2 degrees n 
Blackheart ... — 18 — —— ‘90 degrees it 
= tl 
is 

t Proof Stress. Grade 1-5 is 0.15%. * Jin. Radius. 
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DISCUSSION 
Mr. Han GurrertipGe: The great advantage of inspection is that it assists 
the manufacturer in detecting at the earliest possible stage any fault and thus 
enables the repetition of any error to be avoided. That is a particularly impor- 
tant point in mass production, and it necessarily reacts to the advantage of the 
manufacturer. The inspection is fundamentally a comparison between the article 


and an accepted standard which has been proved successful in practice. Of 
course, any standard depends upon what stress is eventually put on the article ; 
with aeroplane engines, for instance, which are intended for speed flights where 
a power factor ratio of about 1 is obtained, we should necessarily have different 
tests from those necessary with a commercial aeroplane engine where there might 
be a power ratio of 2, or, in the case of a motor car, where the ratio might be 
10 or 15, Whereas in the case of a gas engine or oil engine the ratio might even 
be 50. 

Mr. H. Surron: The difficulty in securing supplies of raw material to mect 
exacting specifications undoubtedly becomes greater as the duty to be performed 
by the material becomes heavier. In producing high quality aircraft or auto- 
mobile parts, the necessity for inspection does not cease with the completion of 
the acceptance tests on the raw material since the best known tests and methods 
of inspection do not eliminate all defective materiai, and it is probably true that 
the high standard attained in certain modern engineering works is due to a con- 
siderable extent to the extremely well developed powers of observation of the 
staff in general, rendering very unlikely the passing of a defective piece. He 
mentioned this point since there was a tendency in these days of rush and hurry 
to overlook the importance of careful visual inspection. The scope of visual 
inspection is to some extent dependent upon the surface finish, and since in air- 
craft engine parts, the finish is usually of a high degree of smoothness, the 
chances of any major roaks or cracks, on new or on used parts, escaping detec- 
tion by an experienced examiner are small. Jn the use of the magnetic test for 
cracks, there is usually some difficulty in disclosing longitudinal cracks or seams 
in steel parts unless the piece be magnetised transversely. He would like to 
ask the author whether he has any experience of the method of immersing parts 
in hot oil, subsequently wiping sandblasting. standing after sand- 
blasting, cracks may be detected by reason of retained oil oozing out. Has the 
author tried the etching reagent recommended by Mr. Whiteley—200 grams 
ferric chloride, 1 gram cupric chloride, too ¢.c. HC1 (1.1 Sp. Gr.) in 1,000 ¢.c. 
of water—which has given very good results in the detection of fine eracks in 
steel wire, etc. In conclusion, he would like to know the author’s impressions 
of X-ray examination of metals and its limitations. 

Mr. H. T. Woopsmirn: He entirely agreed with the author’s view that the 
Brinell test is one of the most useful for production testing, particularly on 


finished parts. 

He had found that the formula for duralumin, -etc., tensile strength= 
Brinell No. x 0.23. checked over a range of approximately 1,400 tests, gives a 
more accurate figure than the formula quoted. 

The replacement of the vield-point by proof stress is, in his opinion, an 
advance in the right direction, as the methods of obtaining the yield-point are 
eride and uncertain. From a stressing point of view the proof stress is of the 
utmost importance; and he therefore did not agree with the author that it should 
not be used in routine testing. Unless a relatively skilled operator is employed 
in testing the results obtained are worthless. The extensometer he had in use 
at present is very simple; it has been used for something like 5,0co tests, and 
the average time taken to fix the instrument, make the test and plot the graph 
is about twelve minutes, so that the time factor is negligible. 
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The determination of the proof stress from the maximum stress has been 
proved to be unsatisfactory, as a 10 per cent. difference in the proof stress has 
been obtained by this method from specimens of the same class of steel having 
exactly the same maximum stress. 

The ratio of gauge length to area of circuiar test-pieces of 49 area has 
been successfully emploved, and in endeavouring to obtain a comparative value 
for strip and sheet steel the same ratio has been used for several hundred tests 
with satisfactory results. The range of tests covered all gauges from 22 gauge 
to 6 gauge in the same class of material, and the elongation obtained varied from 
17.9 per cent. for 22 gauge to 19.5 per cent. for 6 gauge. The width of the 
test-pieces was o.6in. for © gauge to 18 gauge, and 1.51n. under 18 gauge, thus 
requiring only two standard test-pieces, 

Mr. H. J. Davey: Most of his experience had been with the heavy side, 
that is, the 5-ton ingot rolling. They watched the ingot cogged down, then 
cropped fore and aft, and then rolled down to the bloom stage. It is then 
divided into two equal portions, the half representing the top of the ingot going 
across the floor to be rolled immediately into sections, such as joists, angles, 


etc., or ** merchant ’’ material, or, alternatively, going direct to the cold bank 
to be reheated and used later. The portion representing the bottom half of the 


ingot may be considered reasonably free from the defects due to segregation, 
and this part is rolled immediately into semi-finished material, such as billets or 
sheet bars, cut hot into convenient lengths and taken to the cold bank for 
inspection. 

The importance cf inspection at this stage must be realised, for it is now 
possible to weed out billets showing such defects as spills (Fr. ‘* paille ’’), fins, 
twists, bad shapes, cracks, pleats, etc., and to have bent billets straightened, 
but it is obviously impossible, and in his opinion not necessary, having in mind 
the part of the ingot under inspection, to apply the sulphur test mentioned by 
the author, although in the case of the more expensive steel alloys for aero and 
automobile work such searching, laborious and expensive tests may be desirable. 
Many billets are now cropped for signs of piping and tensile tests are taken, 
both sets of tests from the billets finally accepted so far as surface inspeciion 
is concerned. 

The inspector here must not only be thoroughly conversant with the smelting, 
teeming and rolling of the steel and the many conversions and_ substitutions 
which may take place, but must enjov a professional status which will command 
the respect of the works and their acquiescence in his decisions. He must also 
possess the tact and wisdom to deal with intricate situations, such as mav arise, 
for instance, on the Continent, where misunderstanding has arisen “owing, 
perhaps, to erroneous translations of clauses of specifications. And he must not 
abuse the powers entrusted to responsible inspection. 

He would have thought the relative rough-and-ready method which deter- 
mines the yvield-point would not have satisfied automobile engineers. It must 
be remembered that steel begins to yield as soon as load is applied, and that 
the determination of the percentage of plastic and elastic movement depends, 
to some extent, on the instruments employed and the length and cross-sectional 
area of the test-piece. A very short test-piece gives very little movement; if we 
could have, say, one hundred inches between the gauge dots the amount of 
movement to be registered would be correspondingly greater, and we should be 
in a better position to determine where the apparent relation between stress and 
strain ceased its proportionality. 

The necessity for axial loading, particularly with the harder metals, was 
foreseen and provided for by the late David Kirkaldy some seventy vears ago. 
Where the proper provision is not made, the results are likely to be misleading, 
and they may even cause the rejection of perfectly good materials, which will, 
of course, add to production costs. 
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He thought the author assigned a rather low value to the transverse strength 
of No. 2 wrought iron’? (presumably Best BES? Staffordshire). He would 
like to know what description of test was prepared crosswise from the extruded 
magnesium alloy mentioned in Table If. In Table I the gauge length/diameter 
ratio shows a remarkable want of uniformity as between the countries quoted. 

Concerning the defects due to the segregation of impurities in the ingot on 
the boil, the author illustrates very clearly their genesis and the physical changes 
which occur up to the point when the metal freezes, but he does not say what 
relief is given by the heat in the soaking pits. All large ingots, once teemed 
into the moulds, go direct to the stripper, where the mould is pushed off and the 
stil! hot ingot put down into a soaking pit and remains there until the heat is 
even throughout. 

Admiral HeppeL: The tests described in the paper divided themselves into 
different categories. There were, for instance, tests for the purpose of zuiding 
the manufacturer, such as were shown in Fig. 144 and 148—the blank dise for 
gear wheels and the blank for crankshafts—showing the tendency to fibre 
according to methods of forging. These tests were carried out once and for 
all and did not require repetition, and they indicated that there is a right and a 
wrong way to forge. Then there were a large number of tests for the purpose 
of testing the general average of the material which was issued to the machine 
shops. That had been dealt with very thoroughly by the author and be need 
not say anything more about that. Coming to tests that could be applied to 
every article without spoiling it, he was very much impressed by the ‘* Cloud- 
burst ’’ test mentioned by the author, which in his ignorance he had never heard 
of before. Years ago, however, he had experience of testing certain hard plates 
that were emploved in gun mounting work and there was considerable difficulty 
in specifying the practical requirements. In fact, in one case the design had to 
be altered because they were not successful and there was certainly no way of 
covering the whole face of the plate in testing. The ‘* Cloud-burst ’’ method was 
clearly something very much better indeed. In regard to etching tests, a good 
example was the valve showing the defect revealed by etching and presumably 
this defect would not have been revealed without etching. Did the author, there- 
fore recommend that every valve should be etched? One other small point was 
the question of running tests on finished articles, which it seemed to him, could 
be carried too far. In the case of ball bearings, specifications usually provided 
for a load which was in excess of the maximum load which could ordinarily be 
put upon them, but it seemed to him that that was entirely opposed to the 
principle of running in a car which one heard a great deal about from ‘* Motor 
Correspondents.’’ If they tested at an excessive load, in the case of ball bearings 
for say 20 minutes, they really had taken as much wear out of the bearing as it 
would get in the ordinary life of a motor car, and if he were given the choice of 
two cars, one of which had not been tested in this way and the other had, he 
would certainly choose the one that had not been tested under this excessive load. 

Mr. W. D. DovGias: Bend tests which occur in many forms, either with 
slow bending or in the form of so-called impact tests, are very suitable for com- 
parative work during inspection, but are not satisfactory for determining any 
fundamental property of a material. It seems strange that tests of this nature, 
which measure no absolute property of the material, and which are only satisfac- 
tory for particular geometrical shapes and proportions, should still be necessary. 

Fundamentally a material can fail in two ways—in tension or in shear. 
It might reasonably be supposed that if the ultimate tensile and shear strengths, 
the ductility and the effect of time, temperature and internal structure on these 
properties were known, it should be possible to deduce all other mechanical 
properties. Unfortunately it is difficult to devise tests which will measure these 
fundamental properties, and at the same time be independent of scale effects 
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and of effects due to geometrical proportions. Here again the inspector has 
the advantage that in most cases his samples fall within a very limited range of 
sizes and shapes. 

Mr. W. C. Deverrvx: The importance of the inspection of the raw material 
in its first stages cannot be stressed too highly. As an example he might 
mention a case in which aluminium ingots are etched with the result that it is 
possible to get 100 per cent. through in the final forging, whereas prior to 
deciding this, when the ingots were not etched, defects later showed themselves 
and there was considerable scrap. 

Another necessary test mentioned by the author is the importance of 
investigating by cutting up and etching the first forgings or stampings produced. 
-articularly is this desirable in stamping in light alloys, but it is only necessary 
to do this until the right method of production has been ascertained. 

Mr. J. R. Hanxprortu: The author says: ** The rate of loading has prac- 
tically no effect at ordinary temperatures, but affects the readings at high 
temperatures.’’ Theoretically that is true, Lut in actual testing the rate of 
loading largely determines the accuracy of the test, and it has been found that 
if the rate of loading in an ordinary tensile machine is too fast, the man doing 
the test may get an incorrect reading of the position of the jockey weight either 
at the yield-point or at the ultimate stress when the test-piece is about to break. 
For instance, if he has to wind the jockey wheel out too fast he may easily over- 
shoot the point at which the break occurs and thus get an inaccurate result. 

Yield-points are discussed, but yield-points are now being largely removed 


from British Engineering Standards Association specifications. The reason for 
this is, he believed, due to the difficulty which is thought to exist in taking the 
actual vield-points during testing. He had looked out a series of vield-points 


on test-pieces taken in his laboratory and also some on test-pieces made in 
Sheffield on the same steels. These tests were all made on varieties of nickel- 
chromium steel. In eleven tests on steel of the S65 specification we got an 
average of 64.3 tons per sq. in. for the yield-point, and eleven tests taken in 
Sheffield gave 64.2. In eleven tests taken on Sit steel they got 54.3, and in 


Sheffield they got 52.7. In nine tests taken on K1 steel they got 55.3, and 
Sheffield got 54.7. A similar set of tests were carried out by another firm in 


Sheffield, and on eleven tests on S65 steel they got 66.3 against 62, and in eight 
tests on Kr steel this firm got 59.4 against 58.3, so that in spite of the fact that 
B.E.S.A. is cutting out yield-point from. specifications, even with a_nickel- 
chromium steel heat-treated, the vield-point can be determined with reasonable 
satisfaction. 

In a discussion on Brinell tests and grinding for these tests, there is one 
danger to which attention might be drawn. In grinding samples for Brineil tests, 
and especially with air hardening steel, he had found it possible, by careless 
grinding, to produce local hard zones where the material is ground, and _ this 
may not be found out until the part is finished. Quite expensive forgings have 
been found to be cracked by hard zones produced by grinding for Brinell testing. 

In connection with hardness figures, he would like to ask the author if satis- 
factory diamond hardness figures have been obtained for high-speed steel cutting 
tools. That is a field in which it seems to him the diamond hardness machine 
should be able to give us some useful information. He often found complaints 
from the machine shop that the cutters will not stand up to their work, and 
he had been trving to get satisfactory diamond hardness figures to test cutters, 
but up to the present the figures he had obtained do not give a satisfactory test 
for a cutting tool. 

There is an interesting statement with regard to the Izod values. An 
example is given of a forging which has an Izod value of ¢ 5, and it is suggested 
that the work done is 3 ft.-lb. for the elastic deformation of the material, 27 ft.-lb. 
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for the plastic deformation and 35 ft.-lb. for the propagation of the crack. Are 
these figures actual determinations or are they approximations ? 


The testing of wire is discussed, but there is one interesting test on wire 
that he would suggest might be done. He had found on many occasions that a 
torsion test on a sample of wire that has been first micro-etched with eoncen- 
trated hydrochloric acid frequently reveals defects in the wire which no other 
test scems to reveal. 

The elimination of burning in steel is discussed, and this is a point which 
requires much more work to be done on it. It is very easy to recognise steel 
that has been over-burned, but there are many cases when steel has been slightly 
burned sufficiently to make the article fail quickly in service, but not sufficiently 
burned to render the burn easily seen. There is no really satisfactory method 
of detecting burning. Often microscopic examination fails; has the author any 
more information about the detection of slight burning in steel in contrast to 
severe burning ? 

Mr. S. L. Arncusurr: it is very necessary to apply the right sort of tests 
and to know what they are really telling us. For example, the author has 
mentioned the chill-cast test-bar for aluminium alloys. It is of little use to 
employ that test expecting that the chill-cast bar will tell us whether there is any 
gas in the allov, because research has shown that by rapidly chilling a metal the 
gas largely remains in solution, and therefore will not be detected. A sand-cast 
test-bar, however, with its slower rate of cooling will very probably detect the 
gas in a melt which will cause porosity and possibly failure of castings poured 
from it. Again, for design purposes, for a superheater which is going to be 
stressed at a high temperature, what. we require to know is not the tensile 
strength under normal relatively rapid loading, but the creep stress, i.c., the 
stress which the materia! will bear without failure under prolonged loading, 
which is very much less. He did not know whether the author considered in 
his paper any tests for internal stresses in forgings and worked parts. For 
certain metals they had, of course, a method of attack by chemical reagent which, 
by bringing about failure similar to season cracking, will indicate internal stress. 


Mr. L. Hosrer-WaHatiry: Could the author tell them how far the bounce of 
the hammer in the Shore scleroscope is a measure of the depth of the case- 
hardening, and also how the shape of the article affects the bounce of the 
hammer? 


Mr. S. J. Hawkins: The method emploved by the inspection department 
at Woolwich to determine the yield-point is as follows: 


The line is scribed on the test-piece with one of the pop marks as centre 
and a radius approximately equal to the acting length of the test-piece. A 
specified load {say 19 tons) is then applied, maintained for ten seconds and 
removed, and a second line scribed with the same radius and the same centre. 
If two lines are then seen on the test-piece, indicating that permanent elongation 
has occurred, the test-piece is considered to have failed. 


Recently the British Engineering Standards Association has introduced a 
new specification (B.E.S.A. 321) wherein the transverse test-bars are of evlin- 
drical form, the dimensions varying according to the thickness of casting repre- 
sented. Has the author carried out tests in accordance with this specification, 
and if so, how did they compare with the tests obtained on square bars? He 
had carried out some comparative tests at the Sheffield Testing House, the 
results of which are shown below. Jt will be observed that though the breaking 
loads were about the same in both instances, there was a wide difference in the 
total deflections recorded. 
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SQUARE Bar 


1.03 In. x 0.98 In. 12 1n. 2,525 ib. 2,553 Ib. 0.084 in, 
52: 
Rounp Bar. 
. al 
1.26 in. 18 in. 2,560 lb. O.207 In. 


The bars were tested ** as cast,’’ thoug ie specification calls for test-bars 
rhe i re tested t,’’ though tl pecification calls for test-bar 

a 
to be machined to size if necessary. It is thought that machining or removing 


the ‘* skin ’? would considerably affect the results, and he would like to hear ul 
the author’s experience in this direction. : 
REPLY To DISCUSSION 

Mr. JoHNsoN, in replying on the discussion, said: We have experienced tl 
similar trouble with longitudinal cracks to that experienced by Mr. Sutton, and g 
it is rather difficult to spot them. It is for that reason we have concentrated | 
more on etching, which besides revealing cracks, will also reveal segregations s( 
and so forth, which the magnetic test will not reveal. I have had very little si 
experience of X-rays, and I feel that the time is not quite ripe for installing it for hi 
a production test. In the United States, the X-ray test has been used more for in 


getting a really sound casting rather than for works testing. Even to carry out 
production tests with X-rays is rather a tedious and expensive process at the 


present time. Although it is possible by means of the fluorescent screen to have 
visual inspection, the actual negative will show what an enormous amount is s( 
missed by visual inspection. W 

I was very interested to hear the remarks about chromium plating showing th 
up defects in welds, and this appears to-be a promising method of inspection. th 
} admit that the etching of welds and built-up sections is rather difficult and th 
practically impossible in some cases. What I had in mind was that a spot could 
be polished up and etched with one of the reagents described, possibly a 5 per st 
cent. acid solution, which would show any cracks. th 

With regard to Admiral Heppel’s remarks, we do etch every single gudgeon- ce 
pin, valve and connecting-rod, and we have got down to it on a production basis. vi 
The cost is very little, less than 3d. per valve. When I visited Pratt and us 
Whitney’s works in America, | found that they had adopted some of the Bristol di 
methods. They were turning out 250 engines a month, and it paid them to do 
this etching on a production basis. of 

From the remarks of several speakers, I was interested to hear that it is th 
difficult to draw up specifications so as to cover the particular objects in view ey 
for the material. In some few cases it is possible to carry out tests which do Ir 
resemble the actual conditions in use. In general, this is impossible, and so it 
is more important to ascertain that the material is in good condition and is of th 
the correct strength. The former can be determined by an Izod or fracture test, is 
and the latter by a Brinell test, which can be converted into tensile strength from sa 
tables which makes for very simple production testing. 

I am quite in agreement with what Mr. Devereux said with regard to etching ou 
the first forging, especially in the case of the light alloys, as this reveals troubles ar 
which we can then avoid in the future. ol 

I quite agree with Mr. Handforth that the rate of loading is important, pe 
but I was rather assuming that the modern testing machine is so built and so its 
geared that it can be set to run at a definite suitable rate, which is actually the te 
case. I rather think that the reason why the yield-point has been left out ot 
the B.E.S.A. specifications is that the view is taken that, provided that the steel is 
is properly standardised and heat-treated, the yield-point will look after itself, Wi 
and that for any type of steel the vield-point is a definite ratio of the maximum th 
stress. The maximum stress can be obtained by the Brinell test, and in order pr 
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to make sure that the heat-treatment is satisfactory we can either do the Izod 
test or the fracture test, which in certain cases brings the testing down to a 
cheaper and simpler basis. As to the hardness test for steel cutters, | have not 
any really definite figures on that point. The point is rather that a tool steel, 
when it is tempered at about 600°C., obtains what is known as_ secondary 
hardening, and that is sometimes slightly less than the initial hardening when 
quenched at white heat, but which gives superior cutting properties. J think 


there is room tor a lot of research on that point. The determinations for the 
figure of 65 for the Izod test, mentioned by Mr. Handforth, were done in a rather 
rough and ready way. ‘Yhe anvil of the Izod machine was centred at about 


3 ft.-lb. and released, and there was no permanent set. Then it was released 
at about 35 {t.-lb., and we noticed that a crack had just formed in the base of 
the notch. We had several tests, and found the value was approximately that 
given. I quite agree that slightly burned material is very difficult to detect, and 
| suggest that magnetic analysis, when properly developed, seems to be the only 
solution. With regard to heating up to not more than 40o°C., which is the safe 
side of the temperature range, I should have added that this applied to previously 
hardened satisfactorily tempered material. That is the impression 
intended to convey. Therefore, if an engine part has been blued up to 300° or 
350 C., it is safe to put it into service, provided that it has not gone beyond that 
temperature, 

In reply to Mr. Hosier-Whatley, there was a time when the Shore sclero- 
scope was used to a large extent. The result depends very much on the rigidity 
with which the test-picce is held, on the elastic limit of the material, and also on 
the mass of the material. The result is, therefore, only comparative, and now 
that we have these other methods of testing, such as the Vickers, the Firth and 
the Rockwell, the scleroscope is going very much into the background. 

I agree with Mr. H. J. Davey as to the importance of inspection at the billet 
stage, but I consider that the sulphur print should be definitely carried out at 
this stage. I agree that the determination of the yield-point must be carefully 
carried out, as the amount of elastic stretch, which, of course, varies with the 
gauge length, can be mistaken for the yield-point when a long gauge length is 
used. The most satisfactory method is to remove the load and determine with 
dividers if any permanent deformation has occurred. 

The transverse test for extruded magnesium alloy was taken from the boss 
of a propeller blade, and the actual test-piece was 0.564in. diameter and had 
the usual 2in. gauge length. As a matter of fact, transverse tests taken from 
extruded magnesium alloys sometimes give results superior to those obtained 
from the longitudinal sections. 

I am in agreement with Dr. Wadlow that it is quite satisfactory to use 
the Brinell test for deducing the fatigue range of a steel. Unfortunately, this 
is not at present possible with non-ferrous materials, and I do not know of any 
satisfactory rapid method for determining those values. 

I agree that chemical analysis is absolutely essential and must be carried 
out. The object of this paper is to draw attention to the number of tests that 
are available, and which are comparatively simple, so that they can be carried 
out in the various parts of the works and in a larger proportion than can be 
possible in the laboratory. In other words, the laboratory must still perform 
its normal function, but it can and should institute and supervise more routine 
tests in the works. 

The inspection of white-metalled bearing shells is far from easy, as there 
is no one simple test available for 100 per cent. testing. Chemical analysis 
will prove the specification, and microscopical examination will show whether 
the metal is sound or burnt and if the adhesion is satisfactory. Adhesion is 
probably the most important factor, and the standard hot oil, powdered chalk 
or the ringing test are not altogether too reliable. The best method is to test to 
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destruction a certain percentage of the bearings, i.e., cut one or more strips 
about fin. wide from the bearing and endeavour to separate the white-metal 
from the shell by means of a sharp chisel, It should not be possible to peel 
the white-metal off the shell even from a very small area. The rest of the 
bearing should be fractured. 

Mr. Swain raises the question of the speed of testing with the Firth and 
Vickers machines. In the first place, in production testing with these machines 
the duration of the application of the load can be cut down from the standard 
15 seconds to, say, 8 seconds, provided that allowance is made for this. In the 
second place, by the use of properly designed jigs, a batch, say, Of 200 com- 
ponents can have the impressions made first on the whole batch, the microscope 
can then be swung into position, and as the jig will bring the impression imme- 
diately into position for reading the size of the impression, very rapid produc- 
tion testing can be done. Without the use of jigs, | agree that the rate of 
testing is much slower. 

I have had a certain amount of experience with the auto-punch Brinell test. 
Since this is a dynamic test, it suffers more or less from the same disadvantages 
as the scleroscope test, i.e., it depends on the solidity and rigidity of the com- 
ponent being tested. It is quite useful for checking up a stock of bars in the 
warehouse, as they are naturally quite rigid, and so fairly accurate results will 
be obtained, and, moreover, there is a considerable saving in handling which 
would be necessary if the ordinary Brinell test were to be used. 

In pickling, it is usual to add an inhibitor to the acid to prevent the steel 
from being attacked more strongly than the scale, or, rather, to prevent the 
clean steel from being attacked as much as the scale. These inhibitors vary 
from such things as rve flour, veast, glue, etc., to very complex organic com- 
pounds the subject of patents. 

H. Sutton has given a concise account of the effects of pickling, and states 
that an addition of quinoline (2 per cent. by volume) does retard the embrittling 
effect of hydrogen. 

The maximum temperature at which temper-brittleness occurs varies with 
different casts, and, consequently, the figure of 550°C. may be too high in some 


cases. 

The Brinell/tensile chart refers to standard Brinell hardness numbers and 
not to diamond hardness numbers, and, consequently, the Firth diamond hard- 
ness of 490 (which is equivalent to a standard Brinell hardness number of 460) 
would be equivalent to a tensile strength of too tons per sq. inch. 
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NOTE ON THE WINGS OF GLIDING BIRDS 
BY 
SIR GILBERT T. WALKER, C.S.I., Sc.D., F.R.S. 


The recent revival of interest in gliding in this country is my excuse for 
drawing attention to a feature in the wings of birds whose gliding depends 
primarily on ascending currents, mainly raptores (eagles, vultures, hawks, kites, 
etc.), especially in the tropics. 

The habit of a vulture apparently is to spend a large part of the day slowly 
ascending on upward currents and gliding very slightly downhill in any direction 
that is desired until another up-current is entered. At times when there is 
height to throw away the bird slightly flexes its wings (Fig. 1), but when 


FiG. 3. 


Fic. 4. 

straight and the primary quills protrude 
separately from each other (like fingers of a hand) for a distance of about 
seven inches (Fig. 2); the appearance when seen end on is like Fig. 3, with 
the ends of these quills bent up considerably. If the quills were of the ordinary 
shape of feathers they would overlap, sO nature seems to attach importance 
to these spaces between them inasmuch as they are about 13 inches wide for .7 
of their length and suddenly stepped down to about half this amount for the 
remaining terminal portions (Fig. 4). 


In Fig. 5 are some drawings of skins of (a) an Indian vulture, (b) an 
Indian lammergeyer, (c) an East Mfrican vulture, (d) a condor, all of which 
show this feature ; I owe these to the courtesy of the Asiatic Society of Bengal 
(Vol. XX., 1924, No. 6). 


climbing all it can the wings are 
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In gliding flight with the configuration of Fig. 2, the wind pressure bends 
up the quills, especially those nearest the forward edge of the wing, so that 
the shafts lie on a plane inclined upwards at something like 30°, the leading 
quills being higher than those behind them. Also the bending up means that 
there is a strong pressure from below and this rotates the plane of the feather, 
the stiff shaft being near the forward edge in each case. 


A cross-section of the 
quills near the end of 


the right wing seen from a point along AB produced (Fig. 2) 
is shown in Fig. 6. But for the narrowing of the feathers their overlapping 
would be that of Fig. 7. The arrangement of the wing at once suggests Handley 
Page slots, and the resemblance is confirmed by the evidence of pressure in 
the bending up of the quill tips which dges not occur appreciably when the 


wings are slightly flexed as in Fig. 1. The device is of special value because 


~ 
> 
~ 
Direction 
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Direction 
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FIG. 7. 
the bird’s normal rate of gliding is usually rather slow, not far from the stalling 
speed; and when watching gliding birds I have seen from time to time move- 


ments on their part which were almost convulsive and appeared to be due to the 
need of regaining control when stalling. 


WS 
FIG. 5a. 
Fia. 5b. 
1 
5c. il 
ot 
al 
al 
Fa. 5d. 
st 
tl 
re 
ri 
e 
p 
oO 
2 
a 
t 
2 
( 
( 


STRENGTH OF TRANSVERSE FRAMES OF RIGID AIRSHIPS 497 


THE STRENGTH OF TRANSVERSE FRAMES OF 
RIGID AIRSHIPS 


BY 
HILDA M. LYON, A.F.R.AE.S. 
(The R.88 Memorial Prize for 1929.) 


Introduction 

Recent developments in the design of rigid airships, as commercial ait 
liners in England and Germany, and for military purposes in America, show 
a demand for greater lifting capacity, cruising range and speed. The increase 
in size is mainly responsible for radical changes in the structural arrangement 
of the transverse frames, introduced by the designers of the British airships, 
R.100 and R.1or. 

The type of transverse frame designed by the Zeppelin Company is illustrated 
in the R.38 Memorial Prize Paper for 1923.* A complicated system of radial 
and chordal wires enables the frame to resist distortion in its own plane, and 
also acts as a bulkhead for the gas bag when the adjacent bag is wholly or 
partially deflated. As may be seen from calculations quoted in the paper,* the 
stresses due to the deflation of a gasbag are much more serious than those due 
to the distortion of the frame in its own plane; the methods used to estimate 
the latter being only roughly approximate, 

A description of the transverse frames of R.1or has been given by Lieut.- 
Colonel V. C. Richmond in two recent papers.; The advantages of the stiff 
ring without radial bracing as compared with the Zeppelin type of frame are 
explained in the earlier paper, read before the Institution of Naval Architects. 
The system of wires which contain the gasbag is attached to the structure in 
such a way as to transmit the end pressure on the bulkhead directly to the main 
longitudinal girders. This relieves the transverse members of the large com- 
pressiye forces caused by the deflation of a gasbag, and involves the elimination 
of all radial wires in the transverse frame, which becomes a stiff polygonal 
ring, able to resist distortion in its own plane by means of the bracing within the 
girders which form the sides of the polygon. Since no serious additional stresses 
are caused in the ring by the deflation of a gasbag, more accurate methods are 
required to estimate the loads in the members due to the external forces applied 
to the frame in its own plane. As the transverse girders are triangular in section 
and braced in the base panels, the frame can also offer resistance to longitudinal 
forces which tend to warp it out of its plane. 

In the design of R.100, the Airship Guarantee Company has followed more 
closely the earlier designs of transverse frames, but the stresses caused by the 
deflation of a gasbag have been reduced by fitting an axial girder along the centre 
line of the ship. The frames consist of transverse girders of the same type as the 
main longitudinal girders, braced to the axial girder by means of radial wires. 


* “Strength of Rigid Airships,’? by C. P. Burgess, J. C. Hunsaker, and S. Truscott, Aeronautical 
Journal, June, 1924. 
t+ ‘*Some Modern Developments in Rigid Airship Construction,’’ by Lieut.-Col. V. C. Richmond, 
O.B.E., B.Sc., A.R.C.S., A.F.R.Ae.S., Trans. Inst. Naval Architects, Vol. LXX., 1928. 
“R.101,’’ by Lieut.-Col. V. C. Richmond, read before the Royal Aeronautical Society, April 
18th, 1929, and published in the Journal, August, 1929. 
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A similar type of frame with radial wires attached to a central joint has been 
adopted for the smaller frames in the nose of R.101, as shown in Lieut.-Colonel 
V. C. Richmond’s paper to the Royal Acronautical Society. 

A comparison of the relative efficiencies of these two types of frame, the 
polygonal ring and the radially braced frame, is outside the scope of this paper. 
The distribution of the lifting forces and disposable weight, possible or advisable 
with one type of frame, is entirely different from the arrangement which would 
be adopted with the other type, and an attempt to draw general conclusions from 
an examination of the stresses caused by the same system of external loads would 
be misleading. It is intended only to investigate the methods which may be 
used to estimate the loads in the members and the deflections at the joints of the 
frame under a system of external loads in the plane of the frame, and, in the 
case of the space frame, of forces perpendicular to the plane of symmetry of 
the frame. For the radially braced frame, the stresses due to these loads must 
be combined with those due to the end pressure of a gasbag. The latter may 
be found by the method described in Section VIII. of the American paper referred 
to above. 


§2. External Loads on a Transverse Frame 

External loads on a transverse frame include loads applied by shear wires 
and longitudinals, which are internal loads in the hull structure as a whole, but 
are external to the frame, as an isolated unit. The external forces may be sum- 
marised as follows :— 

(a) Fixed weights, such as the hull structure, fuel tanks, power cars and 

passenger accommodation, 

(b) Disposable weights, such as fuel, passengers and crew. 

(c) The lift of the hydrogen, which is applied to the frame through the 

gasbag wires. 

(d) Aerodynamic pressure on the outer cover. 

(e) The loads in the shear wires and longitudinals. 

The complete system of external loads applied to the frame must be in 
equilibrium for any one steady flying condition. Various combinations of static 
and aerodynamic loads may be considered, but it is necessary to select a limited 
number of cases which will give the maximum loads in the members. The task 
of selection may be simplified by a separate examination of the effect of each of 
the following cases :—(a), (b), (c) with both gasbags wholly or partially inflated, 
(c) with one gasbag deflated, (d) for horizontal flight, (d) for pitched or circling 
flight, the resultant load in each case being balanced by loads in the shear wires. 
When the loads due to the various conditions have been combined, it will usualiy 
be found that the examination of two main cases is sufficient for the determination 
of the maximum stresses, 7.e., 

(1) A system of external loads which causes the greatest extension of the 
vertical diameter, 

(2) A system of external loads which causes the greatest extension of the 
horizontal diameter. 

The distribution of weight and lift which will satisfy these conditions depends 
on the arrangement of the disposable weight and of the gasbag wiring system, 
and can be easily determined when these are known. 

The outer cover has a considerable initial tension when the ship is at rest. 
If it is attached directly to the longitudinals, an inward radial load is applied 
to each girder, and causes considerable compressive end loads in the transverse 
members. In horizontal flight, the inward radial load is increased near the nose 
of the ship and decreased over the centre part owing to the diminished pressure 
outside the shiv. In pitched flight, over the greater part of the hull, the effect 
of the distribution of aerodynamic pressure is to lengthen the horizontal diameter 
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and to shorten the vertical diameter. In circling flight the effect is to lengthen 
the vertical diameter and to shorten the horizontal diameter. The value and dis- 
tribution of the aerodynamic pressure, at any angle of pitch or yaw and for any 
given speed, may be derived from the results of pressure plotting experiments 
on a model of the ship, or from curves based partly on theory and partly on 
empirical data from previous ships. The procedure has been described by Mr, 
H. Roxbee Cox in the R.38 Memorial Prize paper for 1928.* The loads applied 
to the longitudinals and transverse frames depend on the elasticity of the cover, 
on its initial tension, and on the methods used for its support and attachment to 
the hull. 

The resultant load on the frame applied by the shear wires and longitudinals 
must balance the total load from other causes, and is not directly affected by 
the distribution of static and aerodynamic forces in other parts of the ship. In 
Fig. 1A are shown the resultant loads applied to a space frame, of width ‘‘ b.”’ 
The total lift and weight forces are represented by L and W, the aerodynamic 
lift being included in L. The bending moment and shearing force at the forward 
face of the frame are M, and S,, and at the after face of the frame, M, and S,. 
For equilibrium, 

(b/2) (S,+S,)=M,—M, F (2) 


This system of forces may be represented by two independent systems, as 
shown in Figs. 1B and 1c, where S,=(S,;—S,)/2, and S,=(S,+8,)/2. The 
forces shown in Fig. 18 tend to distort the frame in its own plane. The forces 
shown in Fig. 1¢ tend to shear one face of the frame relative to the other. For 
a plane frame, b=o, and M,=M,. The distribution of the total shearing force 
and bending moment on the two faces of the frame depends on the relative 
elasticity of the shear wires, of the longitudinal girders and of the transverse 
frame. The method evolved by the Airship Stressing Panel; for the determination 
of the loads in the shear wires and longitudinals is based on the assumption that 
the transverse frames are infinitely stiff to resist distortion in or out of their 
planes, or, alternatively, that the external loads are applied to the hull in such 
a way as not to cause distortion. The difficulties which arise from this assump- 
tion have been discussed by Mr. R. V. Southwell, F.R.S., in the R.38 Memorial 
Prize paper for 1926.{ In an attempt to estimate the loads applied to the frame 
by the shear wires and longitudinals, it may safely be assumed that the frame 
is stiff in its own plane, since any distortion due to a local weight or lifting force 
will tend to increase the reaction from the adjacent shear wire and so relieve the 
stresses in the frame.$ That such distortion does occur and that it has an 
appreciable effect on the loads in the shear wires has been shown by tests on 
an experimental bay of R.1o1, described by Lieut.-Colone] V. C. Richmond in 
the paper referred to above,) and by earlier experiments on British airships 
described by Mr. E. H. Lewitt. .A method of calculating the effect of local 
frame distortion on the loads in the shear wires is indicated in §16. 

In a space frame, a system of loads of the type shown in Fig, 1¢ will be 
more important for the design of the base panels than the forces in the plane of 
the frame shown in Fig. 1B. 


* The External Forces on an Airship Structure, by H. Roxbee Cox, Ph.D., D.1.C., B.Sc., 
Aeronautical Journal, September, 1929. 

+ R. & M. 800, ‘‘ Report of the Airship Stressing Panel,’? Appendices IIT. & IV. 

{ Aeronautical Journal, November, 1926, ‘* On the Calculation of Stresses in the Hulls of Rigid 
Airships,’’ by R. V. Southwell, F.R.S. 

§ This statement is not strictly true. For instance, in the stiff-jointed polygonal ring, the 
bending moment is reduced owing to the redistribution of load from the shear wires, 
but the shear across the transverse girder may be increased locally. 

| Trans. Inst. Naval Architects, loc. cit. 

4 ‘‘The Rigid Airship,’? by E. H. Lewitt, B.Sc., M.I.Ae.E., A.M.I.Mech.E. 
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When the shear wires and the longitudinals are of uniform strength throughout 
any one bay of the ship, the loads applied to the frame are distributed in such 
a way that the plane of symmetry of the frame does not distort but is turned 
through an angle relative to the longitudinals. The loads in the members of 
the frame, and the deflections at the joints for this type of loading are examined, 
in $$9.23 and 15, for the space frame illustrated in Fig. 14. When the shear 
wires or the longitudinals are not uniform throughout the bay, the loads applied 
to the frame will tend to distort the plane of svmmetry if they are calculated in 
accordance with the assumption that the frame, as compared with the bay, is 
infinitely stiff to resist such distortion, Actually, the frame is less stiff in this 
direction than the bay, and an adjustment should be made to the loads in the 
longitudinals and shear wires to maintain equilibrium unless unnecessarily severe 
longitudinal loads are to be applied to the frame. The design loads in the base 
wires will be determined by the external loading conditions which give the 
maximum value of S,, and also the maximum values of the longitudinal forces 
which tend to distort the plane of symmetry. Under these conditions, it is safe 
to assume that the system of longitudinal forces which tends to warp the frame 
is resisted partly by the frame and partly by the shear wires in the adjacent 
bay. An express‘on for the proportion of the total load which is to be applied 
to the frame, and to the bay, is given in S15. It is possible that, in the ship, 
the true distribution of load in the shear wires and the longitudinals will be such 
as to relieve the frame almost entirely of warping loads. The system of loads 
under consideration applies no resultant moment or axial load to the frame and 
the bay, and is given by the difference between the complete system of longitudinal 
loads (due to M,, AZ, and §,) and the corresponding system as calculated for 
uniform shear wires and longitudinals. Further research and experiments on a 
complete ship are recessary before the effect of frame distortion on the appli- 
cation of St. Venant’s theory to airship structures can be more accurately assessed, 

In a plane frame, even when the joints are fixed, the resistance to distortion 
out of its plane is so small, compared with the resistance supplied by the shear 
wires in the bay, that all longitudinal loads can be neglected. The loads in the 
plane of the frame due to S, may be important if the shear is differently dis- 
tributed in the two adjacent bays. 

When the external loads on the frame have been determined, they may be 
expressed in terms of forces and couples at each joint of the structure. For the 
plane frame, two forces and one couple are required, and, for the space frame, 
three forces and three couples. The system of axes used in this paper is shown 
in Figs 5 and 13, and the notation for the forces and — s is as follows :— 


NX =a radial outward force along the axis of ‘fa’; 
Y=a tangential ‘‘ downward force along the axis of 7’; 
Z=a longitudinal ‘‘ aft ’’ force along the axis of ‘fz’; 


M,.=a moment about the axis of ‘‘ x,’’ positive from y to z; 
M,=a moment about the axis of ‘‘ y,’’ positive from z to 7; 


ms moment about the axis of “‘ z,’* positive from a to y. 


For the plane frame, only X, Y and M, need be considered. Radial and 
tangential axes have been chosen in preference to vertical and horizontal axes 
in order to simplify the formule for the radially braced frame, and, in particular, 
to facilitate the deduction of the equations for the radially braced frame with 
fixed joints from those for the stiff-jointed polygonal ring. For the polygonal 
ring, there is no obvious advantage in either system of axes, except that the 
vertical and horizontal axes may be more convenient for the calculation of the 
‘deflection of the joints of the frame. 

Where the external loads in the plane of the frame are not symmetrical 
about the axis of symmetry of the frame, they may be represented by a system 
of symmetrical forces combined with a system of equal and opposite forces on 
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the two sides of the frame. Thus, outward radial loads X, on the port side and 
X, on the starboard side are equivalent to a load (X,+X,)/2 at each side, 
combined with a load (X,—X,)/2 at the port side and a load —(X,—X,)/2 at 
the starboard side. In the following analysis the two cases, of symmetrical 
loading and of equal and opposite loads, are considered separately and may be 
combined to represent any arrangement of symmetrical or unsymmetrical loads. 
A similar procedure has been adopted for longitudinal loads, and for lack of 
symmetry in the radial and tangential loading on the two faces (forward and aft) 
of the space frame. 


§3. Methods of Estimating Internal Stresses in Various Types of 
Transverse Frames 

For convenience in the attachment of the fins and the control car, the best 
cross-sectional shape for a rigid airship is probably a regular polygon of 4N 
sides with two sides vertical and two horizontal. The following analysis is 
applicable to a regular polygon of 2N sides, symmetrical about a vertical axis, 
which bisects two sides of the polygon. ‘The angle subtended at the centre of 
the frame by each side is 28, where 2NB=z. 

The types of transverse frames which have been chosen for examination are 
as follows: 

(1) The pin-jointed, radially braced frame (Figs. 2-4). 

2) The stiff-jointed polygonal ring (igs. Sey, 3)- 

(3) The ‘* braced girder "’ polygonal ring (Figs. 8-10, 14). 
(4) The stiff-jointed, radially braced frame (Figs. 11, 12). 

Methods of estimating the stresses due to external loads in the plane of 
the frame are given for all these frames, and due to external loads perpendicular 
to the plane of the frame for (2), and for (4) treated as a space frame. 

Each of these frames contains one or more redundant members, and the 
method of minimum strain energy based on the theorems of Castigliano* 15 
used to find the stresses in the members of the structure. In all cases it is 
assumed that the frame is cut across the section OO (Fig. 2, etc.), and that 
unknown forces and couples,are applied at the section to prevent deflection or 
rotation. The values of these forces and couples are found by equating to zero 
the partial differential coefiicient of the strain energy of the whole frame with 
respect to each of the unknowns. For the plane frame, a horizontal force H, 
a couple M, about an axis perpendicular to the frame, and a vertical shearing 
force P across the section are applied as shown in Fig. 6. For the space frame, 
the additional forces and couples are shown in Fig. 13. A shearing force Q 
is applied perpendicular to the plane of symmetry, a couple M, about a vertical 
axis, and a couple M, about a horizontal axis. 

For external Joads in the plane of the frame, the values of the redundant 
loads are first determined for X, Y and M, applied at one joint only at each side 
of the frame. In the case of the radially braced frame a balancing load is applied 
at the central joint. For the polygonal ring, equal or equal and opposite radial 
loads are applied at the lowest joints of the frame to balance the resultant force. 
In certain cases of unsymmetrical loading, a resultant couple is halanced by a set 
ef equal loads applied to the sides of the polygon by shear wires, assumed to 
be uniform (Fig. 6). A complete system of external loads in equilibrium. is 
finally examined, and the balancing loads disappear. A particular case, for 
which an analysis is also given, is that of a vertical resultant force applied to 
the frame by uniform shear wires and balanced by a vertical load at the central 
joint, or by equal radial loads at the lowest joint at each side of the frame. In 


***Flastic Stresses in Structures,”’ by Castigliano, translated by Ewart S. Andrews, B.Sc. 
“Strain Energy Methods of Stress Analysis,’’ by A. J. Sutton Pippard, D.Sc. 
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most cases where loads due to shear wires are considered, the loads in the 
transverse members depend cn the point of application of the shear wire load. 
In such cases it is assumed that half the load is applied at each end of the 
panel (Fig. 3, etc.). This implies that the shear wires in the adjacent bays can, 
by virtue of their initial tension, act as tension or compression members or, 
alternatively, that opposite shear wires are in action in the two adjacent bays, 
as would be the case for the system of external forces illustrated in Fig. 1. 
When this is not the case, an adjustment may be made to the final values of the 
end loads in the transverse members. Ia general, the effect on the values of 
the redundant loads wil! not be important. 

In the development of generalised formule, summations of trigonometrical 
series of the following types frequently occur :— 


k 
(1) cos (2ar+b) B= { cos (ak +a4 b) sin } /sin 
k 
(2) sin (2ar+ b) B= { sin (ak +a+4+b) B sin (akB) } /sin (af) 
T=1 
k k k 
(3) Srcos (2zar+b) B=N { XS cos (2ar+b) B} 
r=] m=1 r=m 


= {k sin (2ak+a+b) /2 sin (aB)— { sin (ak +b) B sin (akf) } /2 sin? (af) 


k 
(4) Sr sin (2ar+b) B= {cos (ak +b) B sin (ak) } /2 sin? (af) 


— {k cos (2ak+a+b) /2 sin (af) 


Tensile loads in niembers are considered positive and compressive loads 


negative. 


§4. Stresses in a Pin-jointed, Radially Braced Frame under a System 
of Loads in the Plane of the Frame 

To maintain the necessary stiffness in the plane of the frame, it is essential 

that the radial wires shall have an initial tension at least sufficient to keep them 


all taut under working loads. The effect of a slack wire on the distortion. of 
the frame may be serious, as wil! be shown in $11. In the following analysis 


({4.1) it is assumed that all wires can act as tension or compression members. 
To find the total stresses in the members, the initial loads in the structure due 
to self-straining must be combined with those due to the external loads. 


For the design of the members a simpler method may be used. If the 
initial tension be not more than sufficient to keep all wires taut up to the momen 
of failure of the structure, one or more wires will have no load when the failing 
loads occur elsewhere. With one wire slack the frame is a simple strueture and 
the loads in the members may be found without recourse to strain energy 
methods. To find the slack wire, let it first be assumed that there is no load 
in one wire, say the Nth. The corresponding loads in the rest of the structure 
may then be found. Let T,, be the load in the rth radial wire and S,, the load 
in the rth transverse member, tensile loads being assumed positive. If all the 
wires except the Nth are in tension, the loads found must be the final loads in 
the members. Otherwise at least one wire will be in compression. Let the 


maxiinum compression occur in the kth wire, and let T,,=—MH. If a tensile 
load K be applied to each wire, the corresponding load in the transverse members 
will be K (2 sin 8). By superposing these loads on the original ones, the 
final ioads in the members are found to be, 


S,=S,,—K /2 sin B 
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Each wire will then be in tension except the kth, which has no load, and 
the maximum value of 7, will give the design load for the wires. 

The same result may be obtained by strain energy methods if it be assumed 
that the initial tension in the wires is just sufficient to keep all the wires taut. 
If the load in the rth wire due to the external loads alone be T,,, and the load 
in the rth transverse member be S,., then 


l,.=T,,+4 


As before, the maximum compression occurs in the kih wire and the initial 
tension required to keep all wires just taut is given by 

By combining the end loads in the members due to this initial tension with 
these due to the external loads, the final loads are found to be T, and S,, as 
given above. 

lo find the maximum loads in the members for design purposes, and to find 
the set of external loads which will give ithe maximum loads, the following 
analysis is therefore unnecessary. It is, however, essential for the purpose of 


determining the initial tension required to keep all wires taut under certain 
specified conditions, and for the examination of the distortion of the frame 
under load. 


§4.1. Symmetrical Loading 


As the frame is pin-jointed, no moments can be applied at the joints, and 


oniy radial and tangential loads need be considered. No shear or bending 
moment can be transmitted across the section OO, and there is only one unknown 
to be determined, a tension H/ across that section. The notation is shown in 
Fig. 2. 


Let a radia! load X, and a tangential load Y be applied at the kth joint at 
each side of the frame, and let the resultant load be balanced by a vertical load 
W at the central jot, where 

— W=2X cos (2k—1) B+2Y sin (2k-—1) B (1) 

Let the load in the rth radial wire be T,, and in the rth transverse member, 

S,. Then when 


r>k, T,=—-—2H sin B, S,=H, 
r=k, T,=—2H sin B+X+Y tan B, S.=H, 
r<k, T,=—2H sin 8+ 2Y tan £, S,=H-Y sec B. 


The total strain energy, J, is given by 
where /,, 1, are the lengths of the wire and of the transverse member, 
K,, EH, are the coefticients of elasticity, 
A,, A, are the cross-sectional areas. 


s 


The strain energy is a minimum when 
A), | dT/dH +X [S1,/(EA),| dS/dH =o0* 
Let (EA), /(EA),=c. Then, since 1,=R, and 1,=2R sin B, where R is the 
radius to the joints of the frame, 
XT(dT/dH)+2¢ sin B SS (dS/dH)=o0 (2) 
Substituting in (2) the values of T, and S, given above, 
—2sin B [X—2NH sin B+(2k—1) Y tan 
2c sin B [NH —3 (2k—1) Y sec B]=o 
H =(2k—1) (Y sec B)/2N+N/N (c+2 sin B) . (3) 


* Throughout this paper, dW /dH, etc., signify the partial differential coefficients, OW/) IW, ete. 
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Tue Pin-JoInTED RADIALLY BRACED FRAME. 
SYMMETRICAL LOADING. 


If the transverse members are infinitely stiff, compared with the wires, 
H =(2k—1) (Y sec B)/2N+(X cosec . (3)’ 


For a system of radial loads, the value of H is independent of the position 


of the external load. For a system of tangential loads, the value of H is 


independent of the strength of the radial wires, relative to that of the transverse 
members. 
Due to the system of radial and tangential loads applied at all the joints, 
and balanced by a vertical load at the central joint, 
[X cos (2k-—1) B+Y sin (2k--1) B] 
H =(sec B/2N) & (2k —1) Y+ XN/N (c +2 sin 


§4.2. Unsymmetrical Loading 


Let a radial load X and a tangential load Y be applied at the kth joint on 
the port side, and a radial load —X and a tangential load —Y at the kth joint 
on the starboard side. Let the resultant of X and Y be balanced by a horizontal 


load U at the central joint, where 


U=2X sin (2k—1) B—2Y cos (2k—1)B. (1) 
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PIN-JoINTED RapIALLY Bracep FRAME. a 
UNSYMMETRICAL LOADING. 
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~X 
Ve Ve le 
Fic. 3 
Let the moment due to Y be balanced by a force V in each panel, applied 
by uniform shear wires, where 
V=YR/NR cos B=(Y/N)secB (2) 
It is assumed that V2 is applied at each end of the transverse member. 
The notation is shown in Fig. 3. 
For the port side, when ‘ad 
T,=—2H sin B—(Y/N) tan B (2N —ar+.1), 
mem 


S,=H+(Y/N) (N—r) sec B, 
r=k, T,=—2H sin B—(Y/N) tan B (N-—2k4+1)4+X, 
S,=H+(Y/N)(N—1) sec 8, §5. 
r<k, T,=—2H sin B+(Y/N) tan B (2r—1), 
S,=H--(Y/N)rsec 


For the starboard side, when stiff- 
t>k, T,=-—2H sin B+(Y/N) tan B (2N —2r+1), 
S,=H—(Y/N)r sec 8. It is 

7,= —2H sin (Y/N) tan (N —2k +-1)—X, 
S,=H—(Y/N)(N—k) sec B, 

r<k, T,=—2H sin 8—(Y/N) tan (2r—1), *R, 


H + N) Sec B. 


— 
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The strain energy is a minimum when 
2NH (c+2 sin B)=o, 7.e., when H=o (3) 
For any unsymmetrical system of loading, the value of H may be found 
from the equivalent symmetrical system, for which 
X =(X,+X,)/2 and Y=(Y,+ Y,)/2 
For a complete unsymmetrical system of loads in equilibrium 


x (¥,-Y,)=o0 and V=o 


§4.3. A Vertical Load at the Central Joint, Supported by Uniform 
Shear Wires (see Fig. 4) 
Let the load at the central joint be W, and the load applied by the shear 
wires to the kth side be V,, where 
N 
V.=W sin 2kB/2 (sin? 2k3)=(W/N) sin 2kB (1) 
1 
2, (1—cos 4kB)/2=N/2. 
1 
Assuming that V;,/2 is applied at cach end of the transverse member, the 


since & (sin? 2k8)= 
1 


Joads due to V, alone are as follows, when 


16, 


r=k, T.=—2V, sin B=—2 (WIN) sin B sin 
S.=V,/2=(W/2N) sin 2kB, 
t<k, T,= —2V, sin B= —2 sin B sin 
S;=V,=(W/N) sin 2kB. 
Due to XV,, 
N-1 
N) & (sin B sin 2k8)=—(W/N) { cos B+ cos (2r- 1) B } (2) 
k=r 
S,=(W/N) & (sin 2k8)+(1V/2N) sin 278 
k=r+1 


=(IV/2N) cot (1+ cos 2rp) (3) 
The strain energy is a minimum when 
—2sin 8 { —(W/N) (N cos B)—2NH sin B } 
+2c sin B{ (W/2N) N cot B+ NH } re) 
NH (c+2 sin 8)= -—(W/2) cot B (c +2 sin B) 
H=—-—(W/2N)cotB . : (4) 
Also T,=—(W/N) cos (2r—1) B.. (5) 
and cot B cos (6) 
For this particular type of loading, the end loads in the members are 
independent of the relative strengths of the radial wires and the transverse 
members. 


§5. Stresses in a_ Stiff-jointed Polygonal Ring, due to a System of 
External Forces in the Plane of the Ring 


Professor A. J. S. Pippard has examined the problem of the stresses in a 
stiff-jointed polygonal frame under a system of parallel loads.* The same method 
may be used to find the stresses due to a system of radial and tangential loads. 
It is assumed that the energy due to shear and thrust may be neglected, and the 
energy due to bending alone considered. 


> 


*R. & M. 820 and 921, ‘ Stresses in a Stiff-jointed Polygonal Frame under a System of 
Parallel Loads,’’ by A. J. Sutton Pippard, M.B.E., D.Sc. 
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Tue Pix-JointeD RADIALLY BRACED FRAME. 
SHeaR Wire Loaps. 


For symmetrical loading in the plane of the frame there are two unknowns 
to be determined, a horizontal force H, and a couple M, about an axis perpen- 
dicular to the plane of the frame (Fig. 5). 

For unsymmetrical loading there is, in addition, a shearing force, P 
the section OO, to be determined (Fig. 6). 


across 


§5.1. Symmetrical Loading 


Let a radial load X and a tangential load Y be applied at the kth joint at 
each side of the frame, balanced by a radial load X, at the lowest joint, where 

—X, cos B=X cos (2k—1) B+Y sin (2k-—1) B : ‘ (1) 

Let M,+HR cos B=M, ; (2) 


The strain energy due to bending is given by 


J=|(M?*/2E1) ds, 


where 
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THE STIFF-JOINTED PotyGonaL Rina. 
SyMMETRICAL LOADING IN THE PLANE or THE FRAME. 


X 


Fic. 5. 


where M is the bending moment at any section of the ring, 
LE is the coefficient of elasticity, 
I is the moment of inertia at the section, assumed to be constant for the 
frame. 


The strain energy is a minimum when 


Let \/, be the bending moment at a point on the rth side at a distance “3 ”’ 
from the 7th joint. 
When r>k, 
M,=M,,+H { R cos (2r—1) sin } 


fe) re) 
Mo 
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le, 
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When r<k, 
M.=M,+H { R cos (2r—1) B—s sin 2rp } 
—X !R sin (2k—2r) B—s cos (2k-2r—1) B 
—Y {R-R cos (2k-—2r) B—s sin (2k —2r—1) 
For the rth side, when r<k, 
2Rsing 


(1/E1)| M, (dM, /dM,) ds=(2R sin 8/E1) { M,+HR cos cos B 


} 
B} 


—XR sin (2k-—2r—1) B cos B—YR [1 —cos (2k-—2r—1) Bos B]}. 
When r=o, 

M,=M,+HR cos B—XR sin (2k-—2) B—YR { 1-—cos (2k—2) } 

Rsinf 

(1/E1)| M, (dM,/dM,) ds=(R sin B/EI) { M,+HR cos B—XR sin (2k —2) B 
—YR [1—cos (2k-2) B]} 
When r=N, 
M,=M,—HR cos B 
Rsing 


(1, E1)\ M, (dM,/dM,) ds=(R sin B/EI) (M,—HR cos £) 


For the whole frame, 


N-1 
(1 jE1)(M, (dM,/dM,) ds=(4R sin B/E1) { NM,+HR cos B X cos arp 


J r=1 
k-1 
—XR sin (2k-—2) B+cos B sin (2k-2r—1) B 

r=1 

k-1 

— YR [} { 1-—cos (2k-—2) 8} + { 1-cos B cos (2k-2r-1) ]} =o 
T=1 
M,=(XR/N) sin kB sin (k—1) B/sin B 
+ (YR/N) [(2k —1)/2-—sin (2k-—1) B/2 sin B] (5) 


For the rth side, 
dM,/dH=R cos (2r—1) B—s sin 2rB 
2Rsing 
(1, M, (dM,/dH) ds=(2R? sin B/E1) [M, cos 2r8 cos B 
+ HR { cos? B cos* 2r8 + (sin? B sin? 2r8)/3 } 
—XR { sin (2k —2r—1) B cos? B cos 2r8+cos (2k —2r—1) B (sin? sin 2r8)/3 } 
—YR {cos B cos 2r8—cos (2k —2r—1) B cos* B cos 2rB 
+sin (2k —-2r—1) B (sin? sin 2rB)/3 } | 
=(2h? sin B/EI)[M, cos 2rB cos B 
+ HR { (2+ cos 28)/0+ |(1 +2 cos 28)/6] (cos } 
— XR [(2+cos 28)/6] sin (2k —1) B+[(1+2 cos 28)/6] sin (2k —4r—1) B} 
—YR { cos B cos 2r8—[(2+cos 28)/6] cos (2k—1) B 
—|(1+2 cos 22)/6] cos (2k-—4r—1) } | 
When r=o, 
Rsin8B 


(1/ED| M, (dM, ds =(R? sin B/E1)|M, cos B 


+H? cos? B—NR sin (2k 2) B cos B 
—YR { 1-—cos (2k—2) B} cos B] 


W 


if 
loads, 
be cal 
$5.11. 

L 
frame 


E 
to M,, 


to H, 


$5.12 


where 


I 
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When r=N, 
Rsing 


(dM, dH) ds=(R? sin (—M, cos B+HR cos? B) 


oO 
For the whole frame, 


fi N=} 
(1/ M, (dM,/dH) ds=(4! sin [My cos cos 


T=] 
+ HR { (14+ cos 28)/2- + cos 28)/0+cos 4rB (1 +2 cos 28)/6] } 
XR } sin (2k —2)8 cos B 
+ { (2+ cos 28)/6 } sin (2k—1) B+sin (2k—4r—1) B (1+ 2 cos 28)/6] } 
YR { (cos 8/2) [1 —cos (2k — 2) B] 
B cos 2rB—cos (2k -—1) B (2+ cos 28)/6 
r=] 


—cos (2k —4r—1) B (1+2 cos 28)/6] } | 
=(4h? sin B/E1) (2+ cos 28)/6 
—XR { (2+cos 28)/6} { k sin (2k B—sin 2kB/2 cos B } 
+ YR (2+cos 28)/6 { k cos (2k—1) 8—sin 2kB/2 sin B } |=o 
H=(X/N)\k sin (2k—1) B—sin 2kB/2 cos 
—(Y/N) [k cos (2k-—1) B—sin 2kp/2 sin (6) 


From the values of , and H given in (5) and (6) and from the external 


loads, the bending moment, shear and thrust at any section of the ring may 
be calculated. 


§5.11. Applied Moments 


Let an external couple M, be applied at the kth joint at each side of the 


frame (Fig. 5). r<k, 


—M,+M,+H'R cos (2r—1) B—s sin 
Equating to zero o the differenti: il coefficient of the strain energy with respect 


to M,, the final result gives 


Equating to zero the differential coethcient of the strain energy with respect 


to H, 


k-1 
NRH (2+ cos 23)/6=M, (4 cos 8+ cos B cos 
r=1 
=M,[4 cos 8+cos cos kB sin (k—1) B/sin B] 


H=(3M,/NR) cot sin (2k—1) B/(2+cos 28) d (8) 
85.12. A Symmetrical System of External Forces and Moments in 
Equilibrium 
Under a alata system of forces and moments in equilibrium 
[x cos (2k—1) 8+Y sin (2k-—1) B]=o ‘ (9) 


where X, Y and a conti M, are applied at the kth joint. 


From (5) and (7) above, 
M,= (XR/N) [ { cos B—cos (2k—1) B } /2 sin B] 
1 
+(YR/N) 


(2k —1)/2—sin (2k—1) B/(2 sin B)]+ M, (2k—1)/2N } 


= 2N) cot B+ (¥R+M,) (2k—1)/2N] (10) 
1 
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Tue STIFF-JOINTED PotyconaL 
UNSYMMETRICAL LOADING IN THE PLANE OF THE FRAME. 
PorRT. STARBOARD. 


Mo 


From (6) and (8) above, 
S N) { k sin (2k —1) B—sin 2k 8/2 cos B } 
(y N) { k cos (2k —1) B—sin 2kB/2 sin B } 
(3.M,/NR) cot sin (2k—1) 8/(2+ cos 
[ { (2k—1)/2N } { X sin (2k-—1) B—Y cos (2k—1) B} 
+(Y/N) sin (2k —1) B/sin 28 +(3M,/NR) cot sin (2k—1) B/(2+cos 28)]| 


From the values of M,, I and from the external loads, the bending moment, 
shear and thrust at any section of the ring may be calculated. 


§5.2. Unsymmetrical Loading 
Let a radial load X and a tangential load Y be applied at the kth joint on 
the port side, and a radial load —X and a tangential load —Y at the kth joint on 


the si 
panel 


joint 
side, 


(Fig. 


then, 


(1/E] 


Vv 
| 
‘\ Vv 
\ 
7 
x “Mz 
Mz 
Y 
is! Vv 
Ve | 
| 
x, 
Fic. 6. 
\ 
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the starboard side. Let the moment due to Y be balanced by a force V in each 
panel applied by uniform shear wires, where 


V= (Y/N) sec B (1) 


Let the resultant of X and Y be balanced by a radial load X, at the first 
joint at the port side, and a radial load —X, at the first joint at the starboard 
side, where 

X, sin B= —X sin (2k—1) B+Y cos (2k—1) B ; . (2) 

An unknown shearing force P must be applied across the section OO 

(Fig. 6). If, for the port side, 
M,=aM,+bH+cP+dX+eY, 

then, at the corresponding point on the starboard side, 
M,=aM,+bH —cP-—dX—eY. 


The summation for the whole frame gives 


=M. (aM,/dM,)=3a?M, + SabH=o (3) 

These two equations show that 


It is therefore necessary to examine the terms in P, X and Y only. 


At the port side, when r<k, 


-X M,=P { sin (2r—1) B+8 cos arf } —X { sin (2k —2r) B—s cos (2k —2r—1) B} 
—Y { R—R cos (2k—ar) B—s sin (2k -—2r—1) B} 
+(V/2){ R cos B+ RF cos (2r—1) B—s sin arf } 
N-1 
+ XV {Rcos B—RK cos (2m—2r+1) B—s sin (2m—ar) B } 
m=r+1 


=P { R sin (2r—1) 8+8 cos —X { sin (2k —2r) B—s cos (2k-2r—1) B} 
Y {R—R cos (2k—a2r) B—s sin (2k —2r—1) B} 
+V[R cos sin (2r—1) cos B/(2 sin B) 
s cos (1+cos 2r8)/(2 sin 
dM,/dP=R sin (2r—1) B+8 cos arB 


For the rth side (port), 
2RsinB 
(1, ED\M, (dM, /dP) ds sin 8/E1) { P [(2 + cos 28)/6—cos 4rB (1 +2 cos 28)/6] 
+X { (2+cos 28) [cos (2k —1 B|/6—(1 +2 cos 28) |cos (2k—4r—1) B]/6 } 
Y [sin 2r8 cos B— (2+ cos 28) [sin (2k—1) B]/6 
+(1+2 cos 28) { sin (2k—4r—1) B } /6] 
+ V [(N—r) cos? sin 2r8—sin 28 cos 2rB/12—(2+ cos 28)/12 tan B 
+(1+2 cos 28) cos 4rB/12 tan B] } 


When r=o, 
Rsin3 


M, (dM, /dP) ds'=(2R* sin B/E1) [P (sin? 8)/6 —X sin 8 { sin (2k -2) /6 
—Y { (sin B)/4—sin B { cos (2k—2) B} /6} + V (3N—2) (sin B cos £)/12] 
When r=N, 
Rsing 
M, (dM, /dP) ds=(2R’ sin 8/E1) (P sin? 
OT 
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For the whole frame, 


(1 E1)\ M, (dM, /dP) ds=(4R* sin 8/E1) [P { (sin? B)/3 


N-1 
|[(2+ cos 23)/0— { (14+ 2 cos } /6 (cos 4rB)] } 
X —{sin sin (2k —2) 
k-1 : ) 
| { (2+ cos 28)/6. cos (2k 1) B (74-2 cos 28\/6 . cos (2k —4r —1) p| 
— Y { (sin B) 4 [sin B cos (2k — 2) B| 6 >, [sin 2rB cos 8 
r=] 
(2+cos 23)/6. sin (2k —1) B+ (1+ 2 cos 28)/6. sin (2k—4r—1) } 
N 
V {[(3N—2) sin B cos B\/12+ |(N—1) sin 278 —sin 28 cos 2rf/12 
— (2+ cos 28)/12 sin B cos 34 (1 2 cos 2)/12 sin cos cos | 
(4h* sin B/E1) § PN (24+ cos 28)/6 
[(2+ cos 28)/6] |k cos (2k —1) B—sin 2k8/2 sin B| 
Y cos 28)/6| |k sin (2k —1) B—sin 2kB/2 cos 
cos {2k —1) B/sin 8 cos B—1/2 sin } 
Py X/N { k cos (2k—1) B—sin 2kB/2 sin B } (Y/N) {k sin (2k—-—1) B 
—sin 2k/2 cos B+ cos (2k—1) B/sin B cos B-1/2 sin } (6) 


§5.21. Applied Moments (Fig. 6) 
Let a moment MM, be applied at the kth joint on the port side and a moment 
M, at the kth joint on the starboard side. Let a balancing couple be applied 
by a force V in each panel, due to uniform shear wires, where 


Asin $6.2, =o. 
At the port side, 
M,=P sin (2r—1) B +8 cos 2rB|]—M,+V { Ros B (2N — ar+1)/2 
R sin (2r—1) B cos B/(2 sin B)—s cos B (1 + cos 27rf)/(2 sin B) } 


The equation, (1/11) { M, (dM, dP\ils=o, applied to the whole frame, gives 
(M,/NIR) cosec 3 cos cos (2k—1) B/(2+cos 28)—F } (8 
§5.22. An Unsymmetricai System of Forces in Equilibrium 
Under a complete system of external forces and moments in equilibrium, 


\ 
Asin (2 #—1) cos (2k —1) Bt =o (9) 
] 
DAVE M.) oO (10) 
Irom (6) and (8), 
\ 
P X { (NN) [k cos (2k —1) B—sin 2k8/2 sin B]+(¥/N) [k sin (2k-1) B 
1 
sin 2-8/2 cos B+ cos (2k —1) B/sin B cos B—1/2 sin B 
(MINER) cose 3/3 cos B cos (2k —1) B/(2+cos 28) 4] 
N 
[(2k--1)/2N] { X cos (2k-1) B+ Y sin (2k—1) B} 
> Y cos (2k—1) B/N sin 28 
1 
=(M,/NR 3 cos cos —1) B/sin B (2+cos 28) (11 


Krom the value of P and from the external loads, the bending moment, 
shear and thrust at any section of the ring can be determined. 
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§5.3. A Radial Load at the Lowest Joint Supported by Uniform 
Shear Wires (Fig. 7) 
Let the radial load at the first joint at each side of the frame be X,, and 
let the load applied by the shear wires to the Ith side be V,, where 
=(2X_jN).cos 6 sin 2k8. (Cf. § 
\s the thrust in the transverse members is to be neglected, the values of 
the redundant loads will not be affected by a change in the point of application 
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of V,. It may, therefore, be assumed that V, is applied at the kth joint, and it 
may be replaced by a radial load \, and a tangential load Y,, where 
xX, sin G, cos 
’, acting alone, from equations (5) and (6) of $5.1, 
—(V,/N) R sin B { [cos B—cos (2k—1) sin } 
(V,/N) R cos B { (2k —1)/2—sin (2k—1) f/(2 sin f) } 
=(V,/N) R { sin 2kB/2 sin B—k cos B } 
H = --(V,/N) sin B { k sin B—sin 2kB/2 cos B } 
—(V,/N) cos B { sin 2kB/2 sin B—k cos (2k—1) B } 
+ (V./N)(k cos 2kB—sin 2k8 cot 28) 


Due to 


Due to SV;,, 


N-1 
M,=(2N,/N*) R cos B sin { sin 2k8/2 sin B—k cos } 


k=] 
= —(X, 2N) R cot B cos 28 (1) 
N-1 
H = —(2NX,/N*) cos B & sin 2kB (k cos 2k8—sin 2kB cot 28) 
k=1 
= —(3X,/2N) cos cot 28 : (2) 


If a symmetrical system of external forces applied at all the joints of the 
frame be balanced by uniform shear wires, 


> [Xx cos (2k —1) B+ Y sin (2k—1) B\=X, cos B=W (3) 
N 
M,= & { (XR/2N) cot B+ YR (2k—1)/2N } 
1 
-(WR/2N) cosec B—(WR/2N) (cos 28/sin 
N 
{ (XR/2N) cot B+ YR (2k—1)/2N } —(WR/N) (cos? B/sin B) (4) 
1 
N 
H= X |[(2k—1)/2N] |X sin (2k B—Y cos (2k—1) B] 
1 
N 
(Y/N) sin (2k—1) B/sin 28—(W/N) (14+ 2 cos 28)/2 sin 28. (5) 
1 


86. Stresses in a “‘Braced Girder’’ Polygonal Ring, under a System 
of External Forces in the Plane of the Ring 


The transverse members in the stiff-jointed polygonal ring may be replaced 


by braced girders, as illustrated in Fig. 8. The results of the analysis in §5 
may be used to give approximate values for the stresses in the members in terms 


of forces and couples applied to the joints of the polygon formed by the neutral 
axes of the girders. But, unless the bracing wires are very stiff, the energy 
due to shear is no longer negligible when compared with the energy due to 
bending. Also, it is more convenient to express the results in terms of forces 
and couples applied at the outer joints of the frame, since the position of the 


neutral axis is not known until after the stresses have been calculated and the 
sizes of the members determined. The following analysis gives formule similar 


to those found for the stiff-jointed polygon, but in a more convenient form for 
the calculation of the stresses in the members of the braced girders. 

Unless the bracing wires have some initial tension, one wire of each pair 
will be inoperative under any system of loading, but it is not always possible 
to determine beforehand which set of wires to use in the strain energy calcula- 
tions, particularly when the stresses due to several loading systems are to be 
combined. It it be assumed that the effect of a change of wire in one pane] is 
confined to the members in that panel, the final loads in the members can easily 
be corrected. Although this assumption is not strictly accurate and the values 
of the loads in all the members of the frame are affected by a change of wire 
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Xi 


Fria. 8. 


in one panel, the effect is in general so smal] as to be negligible in comparison 
with the maximum loads in the members. In the following analysis it is assumed 
that both wires in each panel are acting, and that each wire resists half the 
shear across the panel, their loads being equal and of opposite sign. When only 
one wire is in action in cach panel, modified values for the constants occurring 
in the formule will give a good approximation to the values of the redundant 
members M,, H and P, which may be found for a complete system of external 
loads. The loads in the girders can then be found directly by the ‘* method 
of sections,’’ and the direction of the resultant shear across each panel shows 
which wire is in tension. 

Another simplification is to neglect the strain energy of the radial struts at 
the joints. The energy of these struts relative to that of the ridges is of the 
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energy due to bending. 
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» order as the energy due to shear in the stiff-jointed polygon relative to the 


The results of strain energy calculations for complete 


es of this type show that the energy of the radial struts can safely be 


‘cted, though the energy of the bracing wires is an important part of the 
section 


“ie (ig. 


8) perpendicular to the transverse ridges 
through the point of intersection of the bracing wires, cutting the outer ridge 
at ‘‘ u”’ and the inner ridge at ‘‘ w.”’ 

Let M, be the moment of the externally applied forces above the section 
(including Hand P) about an axis through ‘* perpen- 
dicular to the plane of the ring; 

M,. be the moment about an axis through w ’’ perpendicular to the 
plane of the ring ; 

and S the shear across the section perpendicular to the ridges. 

The positive directions of M,, M, and S are shown in Fig. 8. 

Let 2, be the radius to the outer joints; 

R,, be the radius to the inner joints; 
d=(R,—R,,) cos B, the perpendicular distance between the ridges ; 
l. be the length of the bracing wire. 

Since the loads in the bracing wires are equal and opposite, they apply to 

the section no resultant load parallel to the ridges. 

For equilibrium at the section i,’’ the end load 

n the outer ridge, Dik d; 
in the inner ridge, M 
in the wire =1,8 /2d; 
and in the wire D,/ LS /2d. 
Phe loads in the radiai st ts mav be found by resolution at the joints. 
Neglecting the struts, the strain cnergy of all the members in the panel 
Dit is given by 
W =(2h, sin (1/2) (M,/d (2h... sin B/(EA),) (1/2) (M,/d)? 
(LS/ad)? 
n (EA q oh sin A) 21> (I: 1), 
rain energy Is a ninimum when 
iM, /dM Sq dM gS (dS /dM,) =« (1) 
IM../dH ~qM, (dM, NqS (dS /dll re) (2) 
(dM, /dP\ 4 (dM, dP) + (dS /dP) =< (3) 
With one ire only in ion, and S positive, the end load 
in the wire DE, S 
in the outer ridge, D,/ \ SR, sin B/d 
in the inner ridge, Dy / sin 6/d 
where Jf, is the moment of the external forces about an axis through I) 
perpendic lar to the plane of the frame, and MM 


Simi 


Whe 


The 
neglected. 
st rain ene 


(p/2) Mf?,,+(q/2; Af 


ibout an axis through / 


is the moment of the exter 


nal 
perpendicular to the 


plane of the frame. 
larly, when S is negative, the end load 
in the wire LS /d 
in the outer ridge, 
in the inner ridge, Dk, M, d 
n § is positive, 
p/2) sin B) (q/2) (—M,—SR, sin f)? + gS? 
p/2) M2, +(q/2) M2,—S sin B (pM,R,—qM,R,) 
S?{g+4 ph qh?,) sin? B } 
third term, relative to the first two, is small, and can usually be 
The other two terms are independent of the sign of S. The ‘total 
rev is then 


2q + (pk?,, 


q ) sin? 


outel 


|| 
whet 
be st 
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The same equations may be used to find the values of the redundant loads 
whether the wires are initialiy tensioned or not, provided that the value of g/ 
be substituted for g when one wire in each panel is inoperative. 


§6.1. Symmetrical Loading (Fig. 8) 
Let a radial load X and a tangential load Y be applied at the kth outer joint 
on each side of the frame, balanced by a radial load X, at the first joint, where 
X, cos B=X cos (2k —1) B+Y sin (2k—1) B (1) 
Let the redundant loads at the section OO be a horizontal load H at the 
outer ridge and a moment \/,, and let 
For the rth panel, where r<ch, 
M,=M,+HR, cos B cos ar8B—XR, cos B sin (2k —2r—1) B 
[Ley R,, cos cos (2k —2r—1) >| 
Hk, cos 8 cos 2r8—XR,, cos B sin (2k —2r—1) B 
Y [ty cos B cos (2k —2r—1) B] 


S=H sin arB--X cos (2k—2r—1) B—Y sin (2k—2r—1) B. 


M.=M 


lor the half frame, 


N-1 N-1 
dW /dM,= \(p+q) (ph, + H cos B cos 
=] 
k-1 
pS (pl, ql) X cos sin (2k—2r—1) B 
S j (p + q\ (phy cos 3 cos (2k oT 1) } 
=] 
| M.+HR&, cos B-XR, sin (2k—2) B—Y { R,—R, cos (2k—2) B } 
cos - XR, sin (2kh-2) { cos (2k—2) B } 
p cos (M,—HE, cos B) } 
LW /dM,=(p+-q) NMy—X (pR, + sin kB sin (k—1) B/sin B 
Y { |(2k—1)/2] (p-+q@) Ry—(pR, + sin (2k —1) sin (3) 
My,=X (phy +qh,) sin kf sin —1) B/N (p+q) sin B 
(Y/N) { (2k —1) + sin (2k—1) B/(p+q) 2 sin B } (4) 
N-1 
dW /dH qh, COS. 6 
NV-1 
k-1 
X { (pk?,.+qh*,) cos? 8B cos 2rB sin (2k -—2r—1) B 
y sin 218 cos (2k —2r—1) 
(ph, qit,) (gilt? qh?) cos (2k — 27 1) } cos cos 2rp 
r=] 
> Yg sin sin (2k —2r—1) 


T=1 
(1) pk, COS B| \] Hh, cos 3 XR ‘ sin (2k 


R,. cos (2k 2)B 
cos 8 [M,+ HR, cos B—XR,, sin (2k —2) B 
cos 
ph, cos B (M,—HR,, cos B) al, cos B (M, HR. cos B) } 
(pR?,, 4 cos* 64 g (N/2) 

-(X/2) { (pR*, + qR*,) cos? B+q} { k sin (2k—1) B—sin 2kB/2 cos B 
Yi2) { (pR?, +qR?.) cos? B+a} {k cos (2k—1) B—sin 2kB/2 sin B } 
(Y/2) (pR 


w+qh,) R, cos? B sin (2k—1) B/sin B cos B 


w 


(Y/2) + qR?,) cos? B sin (2/:—1) B/sin B cos B=o : (5) 
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H=(X/N) { k sin (2k —1) B—sin 2k6/2 cos B } 
--(Y/N) { k cos (2k-—1) B—sin 2kB/2 sin B 
—2pR,, (R,y—R,) cos? sin (2k —1) B/[(ph?, + qh*,) cos? B+g] sin 28 } (6) 
If (R,—R,) be small compared with Rh, and R,, the last term can_ be 
neglected, and the value of H is approximately the same as for the stiff-jointed 
polygonal ring. 


86.11. Applied Moments 


Let a moment M, be applied at the kth outer joint at each side of the frame. 
Then, for the rth panel, when r<k, 
M,=—M,+™M,+HR, cos B cos 
M, =- M, + M,, t HR, cos B cos 2rp, 
S=Hi sin ar8. 
For the half frame, 
dvi dM, =(p + q) NM,—(p+ q) (2k- 1) M, 2=0 
M,=(2k—1) M,/2N 
dW /dH =(HN/2) { : qh?,) cos? B+qg} 
—M, (ph, +qh,) cos B { sin (2k—1) B/(2 sin B) } =o 
H=(M,/N) { (ph, +a@h,) cos B } sin (2k —1) B/ { (pR*, +qh*,) cos? B+g } sin B 


(8) 


(7} 


§6.12. A Symmetrical System of External Forces in Equilibrium 


Under a complete system of forces and moments in equilibrium, 


{ X cos (2k-—1) B+Y sin (2k-1)B} =o . : (9) 
From (4) and an 
M,= { } Sx 2N) cot B+ { (2k—1)/2N } (YR,+M,)_ (10) 
From (6) and (8), : 
H= { (2k—1)/2N} { X sin (2k—1) B—Y cos (2k—1) B} 


+3 (YR,+ M,) sin (2k—1) B(pR, +qRh,,)2 cos? B/N sin 28 { (pR?,,+qR*,) cos? 
1 


— XY sin(2k—1)8 { (pR?, +qR?*,) cos? B—g } /N sin 28 { (pR?, + qh*,)cos* } 


1 
(11) 
§6.2. Unsymmetrical Loading (Fig. 9) 


Let a radial load X and a tangential load Y be applied at the outer kth joint 


at the port side of the frame, and a radial load —NX and a tangential load —Y 
at the outer kth joint at the starboard side of the frame. Let the balancing 
loads be a radial load X, at the first joint at the port side, and —X, at the 
starboard side, where 

—X, sin B=X sin (2k—-1) B—Y cos (2k—1)B.. ‘ (1) 


Let the moment due to Y be balanced by a force V in each panel, applied by 
uniform shear wires, where 
V=(Y/N)sec B : (2) 
An unknown shearing force P must be applied at the section OO. 
As in §5.2, it may be shown that 


| 
N 
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Tue Bracep GirpdER PoLyGonaL RING. 
(6) UnsymMetricaL LoapiInG IN THE PLANE OF THE FRAME. 


1 be ¢ 


nted PorT. STARBOARD. 


ime. 


9 
int For the rth side (port), when r<hk, 
.¥ M,=PR, sin 2r8 cos 8— XR, cos B sin (2k —2r—1) B 
ng —Y{R,—R, cos B cos (2k—2r—1) B} 
he N-1 
+V{R, cos 8 (1+cos 2r8)/2+ X cos B [1—cos (2m—ar) B] } 
m=r+l 
(1) =PR,, sin 2rB cos B— XR, cos B sin (2k —2r—1) B 
by —Y[R,-R, cos 8 cos (2k —2r—1) B]+ VR, cos 8 { N—r—sin 2rB cos sin } 
; M,=PR,, sin 2r8 cos B—XR,, cos B sin (2k —2r—1) B 
Y [R,—R, cos B cos (2k—2r—1) 
+Vcos B{(N—r) R,—R, sin 2rB cos B/(2 sin B) } 
S=-—-P cos 2r8—X cos (2k —2r—1) B—Y sin (2k-—2r—1) B 
N-1 
3) + V {sin 2rB/2+ & sin {2m—2r) 8B} =—P cos arB 


m=r+1 
—X cos (2k —2r--1) B—Y sin (2k —2r—1) B+](V cot 2| (1 + cos 272) 


Mo | 
Vee 
SAV 
| / Ve 
(8) | Z 
(0) Ha 
\ 
NV 
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For the whole frame, 


N-1 
dW/dP=P { (pR*,,+qh?,) cos? 8 X (1—cos 4r8)+g [2+ X (1+ cos 4rB)] } 
‘ 4 4 


+X { - (pk? : qh*,) cos* 8 N [cos (2k —4ar—1) B—cos (2k—1) | 


+g | —sin (2k—2) B/sin B+ X cos (2k - 4r—1) B+cos (2k—1) B} ]} 
Y { —(pR,+9Rh,) cos & (2 sin 
=] 
86 
+ (pR?,, +qh?,) cos? B X [sin (2k —1) B—sin (2k —4r—1) 
A 
+y [cos (2k—2) B/sin B+ { sin (2k—1) B+sin (2k-4r—1) B}]} an 
V { (pk, +qh,) R, cos? B 2 (N—7) sin 278 
alc 
\ 
pli qh Os 9/{2 sin cos 
V-1 
col | 1 COS {I COS yr3)/2 } 


{ (ph?,+qh?,) cos? B+g} {PN+X [k cos (2k—1) B—sin 2kB/2 sin } 


Y {k sin (2k—1) 8- sin 2kB/2 cos B—1/2 sin 8+cos (2k—1) B/sin B cos B } | 
Y { cos (2k 1) B/sin Beos BY (R R ) ph cos” oO 
X/N cos (2k —1) B—sin 2kB/2 sin B } 
Y/N) {k sin { 1) 3—sin 2k8/2 cos B 1/2 sin B 
cos (2 —1) B/sin cos Bli+(h cos? B/ { + cos? B+q } 
\ 
(4) 
It (2,—R,) is small compared with fh, and Ry, the value of P is approxi- 


mately the same as for the stiff-jointed polygonal ring. 


86.21. ‘Applied Moments 
Let a couple M, be apphed at the ‘th outer joint at the port side, and a 
couple V at the th outer joint at the starboard side. Let the torque be 


balanced by a force V in eagh panel, applhed by uniform shear wires, where 


| \/ NE. St (5) 
At the port side, when r< 
Pt sin cos \/ l cos B (N r) in 2rf cos /3/(2 sin f) { 
sin cos eos (N sin 2rB cos f3/(2 sin } 
NS P cos | Ot cos 


For the whole frame, 


dVi'/dP { qh*,) { PN—M,/2Rk,, sin B } 


VW, { cos (2 1) 6/sin cos (phy +qh,) cos? B=o 
JNK. sec B { 3 
cos (2k —1) (pR,+qh,) cos f/|(pR*, + qh?,) cos? B 4 (6) 


86.22. An Unsymmetrical System of External Forces in Equilibrium 


Under a complete system of forces and moments in equilibrium, 


N 
>i X sin (ek —1) B—Y cos (csk—1) Bt =o : (7) 


(YR, +M,)=o 
1 


8) 
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From (4) and (6), 


N 
P= — (2k -1)[X cos (2k--1) 8+ Y sin (2k-1) B]/2N 
1 
2(YR,+ M,) cos (2k-—1) B gh) cos? B/(N sin 28) { (pR?, 


. 2 4 
+ qh 64-93 


Y cos (2k —1) B + cos? B q| N sin { (pR?, 4 qh?,) cos* B+ g } 


(9) 
§6.3. A Radial Load at the Lowest Joint supported by Uniform Shear 
Wires (Fig. 10) 
Let the radial load at the first outer joint be X,, at each side of the frame, 
and let the load applied to the kth side ‘by the shear wires be V,, where 
(2x. N) cos B sin 2kB (1) 
It is assumed that V),./2 is applied at each end of the panel. Due to V 
alone, 


X (Vise) sin Bo sim 
(V,/2) cos 
From §6.1, 
sin 8)/2N] + qh,)/(p+q)] {sin kB sin (k—1) 
sin (+1) 8 sin k8/sin B } —|(V, cos B)/2N] { [(2k—1)/2] Ry + [(2k \/2] Ry 
-[(pRy + qh,)/(p+q)] {sin (2k —1) (2 sin B)+sin (2k +1) B/(2 sin 3)] 
(V,,/2N) 2kR 


) 
cos b (ph 


qh.) sin 2k8/(p+q) sin B } 


é 
H sin 2N] { sin (2k = 1) B—sin 2k8/2 cos B—(k+1) sin (2k+1) 8 
sin (2h +2) 8/2 cos B} +[(V, cos { k cos (2k —1) B—sin 2kfB/2 sin B 
( 1) cos (2k +1) B—sin (2k +2) B/2 sin B 
| R phi COS (ple?, q cos" } [sin ( 2k 1) (3 sin B cos {3 
+ sin (2k +1) 8/sin B cos B]}.=(V,/N) { k cos 2k8—sin 2kB cos 2B/sin 28 
sin 2k8 cot 8 (R,—R,,) ph, cos? B/ { (pR?,+qh?,) cos? B+g} } 
Due to 
N-1 
M,, (X, cos B/N?) & { 2kR, cos B sin 2kB 
k=1 


qh,) (po q)| —cos /3) 2 sin B| 
M,, 2N) cot cos 28+p(R R,) cot B (p+q) Ry } (2) 


HT COS B/N? ) K sin cot 2h (1 cos 11:3) 
k=) 
(3% 2N) cos cot 26 
N) (cos? (3 sin (3) ph, cos? {3 t cos? B q| \ (3) 


If (R,—R,.) is small, compared with Rh, and Ry, the values found for M, 


and I] are approximately the same as for the stiff-jointed polygonal ring. 


If a complete system of external forces be balanced by shear wire loads, 


[X cos (2k—1) B+ Y sin (2k —1) B|=X,cosB=W (4) 
l 
Krom °%6.12 and the above results, 
(WR,/2N cos B) { cot B cos 284 p(k cot B/(p 4 q) R 
N 
+ qhy)/(p + q) } (X/2N) cot B— (phy 4 qh,,) W (p+q) 2N sin B 
1 


uf 


N N 
YR, (2k—1)/2N= { } & (X/2N) cot B 
1 


N 
> (2k=1) YR,/2N— WR, cos? B/(N sin B) : ( 
1 


— 


|} 

(4) 

l a 

6) 

 - 
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(2k —1) |X sin (2k B—Y cos (2k-—1) B]/2N 
1 


"sin (2k—1) B/(N sin 28)— IW (1+2 cos 28)/2N sin 28 


R,) ph, cos* B [(ph?,, + cos? B4 q| } {(W cot 


N 
> 2Y sin (2k—1) B/(N sin 28) } 
1 


| 

\\ N | 

| 
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When (R,—R,) is small, compared with R, and R,, the value of H is 
approximately the same as that found for the stiff-jointed polygonal ring. 


§7. Stresses in a Stiff-jointed, Radially Braced Frame under a System 
of External Loads in the Plane of the Frame 

The stiff-jointed radially braced frame is much more highte redundant than 
the types of frames which have been examined in the previous paragraphs. An 
attempt to find a general solution leads to a series of N simultaneous equations 
containing N unknown quantities, which can be determined for any given case 
by the substitution of numerical quantities for the trigonometrical functions. 

The assumptions are the same as for the stiff-jointed polygonal ring, 1.e., 
that the energy due to shear and thrust in the transverse members can be neg- 
lected in comparison with the energy due to bending. The energy of the radial 
wires may be important, however, and is included. The unknown loads are the 
same as for the stiff-jointed polygonal ring, with the addition of N—1 redundant 
radial wires, the load in the Nth radial wire being determined by the conditions of 
equilibrium at the central joint. 

It 1s assumed that all the radial wires are initially tensioned and can act as 
tension or compression members. If this is not the case and it is found that 
some wires are in compression, the values of H, T,, T,, etc., must be recalculated. 


t If the maximum compression occurs in the mth wire, the unknown load T,, must 
be omitted from the calculations. Where several wires are slack, successive 
approximations may be necessary. 
§7.1. Symmetrical Loading 
' Considering a system of radial and tangential forces balanced by a downward 


load W at the central joint, let X, be the radial load at the kth joint, Y, be the 
tangential load at the kth joint, 7, the tension in the kth radial wire, and 
Vf, the applied moment at the kth joint (Fig. 11). Then 
[X, cos (2k-—1) B+ Y, sin (2k—1) B])= —W=XT, cos (2k —1) 8. 
The strain energy is a minimum when 


N 
(1/ED| M, (dM,/dM,) ds+[R/(EA)y] T, (dT,,/dM,) =o (1) 
k=1 
(1/E1)| M, (dM,/dH) ds +[R/(EA)q] (dT,/dH) =o. (2) 
k=] 


N 
(/ED\M, (AM,/d7,) ST, (f+1) 
k=1 


for fed, 4.0.05 8. 
Since dT\,/dM,=dT,/dH =o, the first and second equations may be derived 
from the formule for the stiff-jointed polygonal ring (see £5.12). 
N N 
M,= (X,—T;,) (R cot 3 (Y,R+M,,) (2k=1)/2N . (1)! 
1 1 
N 
H= { (2k-1)/2N } { (X,—T,) sin (2k —1) B—Y, cos (2k-—1) B} 


N 
- sin (2k —1) B/(N sin 28)+3 cot B sin (2k—1) B [VR (2+cos (2)! 


1 
At a point on the rth side of the polygon, at a distance s from the rth joint, 


M,=M,+H [R cos (2r—1) B—s sin 
N 
— (X,—T,) [R sin (2k —2r) B—s cos (2k —a2r—1) 


k=r+1 
N N 
— (Y,R+M,,)+ Y, [R cos (2k—2r) B+8 sin (2k—2r—1) B}. 
k=r+1 k=r+1 


| 
| 
| 1 
(6) 
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Mo 


Xk 


Mzk 


above, 


\dding together the N—1 equations of the type 


\ 
(1/E1)(M, & (dM,/dT,) ds+[h 


j=2 
N 
2 aM sin (2f—2r) cos (2/—2r—1) 
+] 
R [cos (2r—1) 8+ cos f]/2 sin B—s sin 2rf8/2 sin 
11/(2 sin iM, | os B/( n 3)] dM, dM 
N \ 
Thus (> aT,/dT,) 
k=] f=2 


—(1/EI)) [ { 1/(2 sin 8) } dM,/dH { R cos 


rom equations (1) and (2). 


dM,/d 


Mzk 


Xi 
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But dT, /dT;= —cos (2f—1) B/cosB, dT,/dT;=1, and for all other values of k, 
aT,,/dT,=0. 
Therefore, 
N N N 
o= X7,+T, X[-—cos (2f—1) Bl/cos T, 
k=2 1 


k=) 


and 


N N 
M,= (cot B)/2N+ (VY, R+M,) { (2k—-1)/2N } (a)! 
1 1 
Thus M, has the same value as for the stiff-jointed polygonal ring, and is 
independent of the stiffness of the radial wires. The remaining N equations 
must, however, be solved to find H, T,, ... Ty. 
dM,/dT,;=R sin (2f—2r) B—s cos (2f—2r—1) B when r<f, and 
=o when r>f-—1. 


x For the rth side, 
K 


2R sin B 
(1 E1)\ M, dT,) ds 


k =(2R? sin B/E1) + M,,)| cos B sin (2f—2r—1) B 
k=r+1 
+HR{[{ (2 + cos 28)/6 } sin (2/—1) B+ { (1+2 cos 28)/6 } sin (2f—4r—1) B] 


2) 
N 
Yk — (X,—T,) R [| { (2+cos 26)/6 } cos (2f—2k) B 
"4 r+ 
1+ 2 cos 28)/6 } cos (2f+2k—4r—2) B] 
Y,.R | { (2 cos 24)/6 } sin (2f—2k) B 
4 


{ (1 +2 cos 2f8)/6 } sin (2/+ 2k —4r—2) B] } 


When r=o, 
dM,/dT,=R sin (2f—2) B 


R sin B 


E1)| M, (dM,/dT,) ds =(R? sin 1) { M, sin (2f—2) B+ HR cos B sin (2f — 2) B 


N 
— sii (2k = sin 
k=1 
- X (Y,R + M,,) sin (2f—2) B 
k=1 
Y,R cos (2k —2) B sin (2f—2) B} 
k=1 
For the whole frame, 
| (dM,/dT,) ds=(4h? sin B/E1) { M, [sin (2f—2) B/2 
{cos B sin (2f—2r-1) ]+HR [cos B sin (2f—2) B/2 
r=] 
+X { (2+ cos 28) (2f—1) } + { (1+ 2 cos 28)/6 } sin (2f—4r—18)] 
T=] 
— X(X,-T;,) R { sin (2k—2) B sin (2f—2) B/2+ N[(2+cos 28) { cos (2f— 2k) B } 
k=1 
(1+2 cos 28) cos (2f + 2k jr 2) 8/6] } 
+t & Y,R [cos (2k—2) B sin (2f —2) B/2+: & { (2+ cos 28) sin (2f—2k) B/6 


T=1 
+ (r+2 cos 2f) sin (2f+ 2k 


2) B/6}] 
x (X,,—T7),) R [sin (2k —2) B sin (2f—2) B/2+ & { (2+cos 28) cos (2f— 2k) B/6 


~(1+2 cos 28) cos (2f+2k—4r—2) B/6 } 


| 
ds oO 
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+ Y,R [cos (2k- 2) B sin (2f—2) B/2+ { (2+cos 28) sin (2f—2k) 
k=] 
+(1+2 cos 28) sin (2f+2k—4r—2) 8/6} | 
— (Y,R+M,,) [sin (2f—2) 8/2+ X { cos B sin (2f—2r—1) B } | 
k=1 T=] 
— %(Y,R+M,,) [sin (2f—2) 8/2+ X { cos B sin (2f—2r—1) ]} 
k=f =] 
=(4R? sin B/EJ)[ { My-- } {sin (f—1) B sin fB/sin B } 
+ {H— (X,—T;,) sin (2k —1) B—Y, cos (2k-—1) Bj} {f sin (2f—1) B 
k=] 
sin 2f8/2 cos 8B} R (2+ cos 28)/6 
X (X,—T;,) R { (2+cos (f—k) cos (2f—2k) B/6 
k=] 
—(1+2 cos sin (2f— 2k) sin 28 } 
— { (2+cos 28) (f—hk) sin (2f—2k) B/6 } 
+ cos B 1—cos (2f—2k) B } /2 sin 


[R/(EA),.| T, dT, /dT,=[R/(EA)q] { T;-T, 
k=1 

Let R/(EA),=C (2R? sin B/E]). 

Then, substituting for M, and H from equations (1)" and (2)! 


’ 


X (cot B)/2N—(2N -- 2k +1) (Y,R+M,,)] [ { sin (f—1) B sin } /2N sin 


k 
|(2+cos 28) R/o] [f sin (2f—1) B—sin 2fB/2 cos 
N 

{ X (2N-—2k +1) [(X,—T\) sin (2k-1) B—Y, cos (2k—1) B]/2N 

k=1 
Y, sin sin 28)—3 X [cot sin (2k—1) B|/NR (2+ cos 28 

1 1 


R { (2+ cos cos (2] 2k) B/6 
k=1 
—(1+2 cos sin (2f— 2k) B/6 sin 28 } 


1 
{ (2+cos 28) (f—k) sin (2f—2k) B/6 } 
k=] 
> (Y cos 6 | I -- COS (2f 2k) 2 sin 8 


T, cos (2f—1) B/eosB} =o . (f+ 


) } 


1)! 


There are N—1 equations of this type to determine 7T,, T,... Tx in terms 


of T, and the external loads. The Nth equation which may be used to determine 
T, is given by 
N 
T, cos (2k -—1) B= XS [N, cos (2k—1) B+ Y, sin (2k —1) B] (N + 2) 
1 1 
The N—1 equations are of the form, 
(3)! 
(4)! 
aT, ... +4 T,..++pT,... +uTy=9, . ({+1) 


where $,, $,,...@y are functions of the external forces. 


k=] 


3/6 


sin B 


f+r1)! 
terms 
rmine 
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By subtracting (3)/ from (4)’, (4)! from (5)/, etc., N—2 equations may be 
found of the type 
AT 
AyT + ByT,+ Cyl, ...+KyT,...+Wyly =Fy (N + 
where F,, F,, ..F,, are functions of the external forces. 
Equations (N +1)/, (V+1)” and (N +2) may be used to eliminate Ty, leaving 
twe simultaneous equations which may be combined with (N)” to eliminate 
Tx_,, etc. Finally, three equations remain for the determination of T .; T, and 


T,. The values of 7,... Ty may then be found by substitution in (4)", ete. 


§7.2. Unsymmetrical Loading (Fig. 12) 


If the external forces applied to the port side and the starboard side of the 
frame are equal and opposite, it follows that the loads in the radial wires on the 
two sides of the frame are also equal and opposite, since the frame itself is 
symmetrical. 


= 
: 

| 

| 
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Let X, be the radial load at the kth joint on the port side, 
Y, the tangential load at the kth joint on the port side, 
M, the moment at the kth joint on the port side, and 
T,, the load in the kth radial wire on the port side. 
If the resultant of all the external forces be balanced by a side load U at 
the central joint, 


N N 
> [X, sin (2k —1) B—Y, cos (2k-1) B]J=U/2= & Ty sin (2k—1) B (1) 
1 1 
N 


1 
From the formule for the stiff-jointed polygon (§5.22), 


N N 
P= (T,—X,) { (2k—1) cos (2k—1) B} /2N- SY, { (2k—1) sin (2k-1) B } /2N 
1 


1 
N 
— > Y, cos (2k-—1) B/(N sin 28) 
1 
N 
— cos B cos (2k—1) B/(NF sin (2+cos (3) 
1 


For the rth side of the polygon, 
M,=P |R sin (2r—1) B+8 cos 2rf| 


N 
(7, — X,) [R sin (2k —2r) B—s cos (2k —2r—1) B] 


k=rt+1 
N N 
+ Y, [R cos (2k—ar) B+s sin (2k-2r—1) B]— (Y¥,R+ My) 
k=r+1 


When r<f, 

dM,/dT,=R sin (2f —2r) B—s cos (2f—2r—1) B 
When r>f, 

aM, /dT,;=0 
For the rth side, 
2R sin 3 
(1/E1)| M, (dM,/dT,) ds=(2R? sin B/E1) [—PR { (24+ cos 28)|cos (2f—1) 
—(1+2 cos 2f) cos (2f—4r—1) 
N 
— (X,-—T,) R { (2+ cos 28) cos (2f—2k) B/6 
k=rt+1 


—(1+2 cos 28) cos (2f+2k—4r—2) B/6} 
+ Y.R { (2+cos 28) sin (2f—2k) B/6+(1+2 cos 28) sin (2f+ 2k —4r—2) B/6 } 


N 
— X(Y,R+M,,) cos B sin (2f—2r—1) B] 
k=rt+1 
When r=o, 
dM,/dT,=R sin (2f—2) B +8! cos (2f—1) B—sin (2f—1) B (s' cos B)/sin B 
=R sin (2f—2) B—s! sin (2f—2) B/sin B 
R sin B 


(1/ED| M, (aM, /aT,) ds! 


QR sin B 
=(1 [( sin (2f—2) sin (2f—2) 8)/sin B] { P (R sin 


N N 
— (X,—T,) [R sin (2k B+s! cos (2k—1) B]— & (Y,R+M,) 


= 


[R cos (2k —2) B—s! sin (2k—1) B]} 


k=r+1 
8 
p 
a 
tl 


at 
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N 
=(R? sin { [sin (2f—2) B (sin B)/3] [PR + cos (2k-1) B 
1 


= 


I 
+ Y, sin (2k—1) sin (2f—2) 8 } /2 
1 1 


For the whole frame, 


(1/E1)\ M, (dM,/dT,) ds==(4R? sin B/EI) { (X,x—T,) cos (2k—1) B 


+ Y, sin (2k—1) B] R [(2+cos 28)/6] [f cos (2f—1) B—sin 2f8/2 sin 
1 


+ > (X, R [(2+ cos (f }:) cos (2f- 2k) B/o 


—(1+2 cos 28) sin (2f—2hk) 8/6 sin 28] 
: 
— Y,R [(2+cos 28) (f—) sin (2f—2k) 
k=1 
X M,,) cos B [1—cos (2f—2k) B]/2 sin B } 
k=1 


N 
[R(EA}y] Tx (AT, /AT,) =[R/(EA)w] sin (2f—1) B/sin 
k=1 


The equation giving the partial differential coefficient of the energy with 
respect to T; is then 
1(2+cos 28)/6] R { f cos (2f—1) B—sin 2fB/2 sin B } 
N 
{ |(2N—2k+1)/2N] [(X;—7,) cos (2k-1) B+ Y, sin (2k—1) B] 
k=1 


— Y, cos (2k —1) B/(N sin 28) — 3M, cot cos (2k—1) B/(NR sin B) (2+ cos 28) } 


T,) [(2+ cos 28) (f—k) cos (2f—2k) B/o 


(1 +2 cos sin (2f—2k) 8/6 sin 28] 


\ 


k=1 


f-1 
[(2+cos 28) (f—k)} sin (2f—2k) 8/6] 
k=1 


+ (Y,R+M,,) cos B {1—cos (2f—2k) B]/2 sin B 
k=1 
+C|T,—T, sin (2f—1) B/sin B]=o ‘ (f) 
The N—1 equations of type (f) may be combined with equation (1), as in 
§7.1, to determine the values of 7, T.,... Ty. 


§8. Stresses in a Stiff-jointed Polygonal Ring under a System of Forces 
which tend to Distort the Frame out of its own Plane 


Mr. J. F. Baker has examined the problem of the stresses in a stiff-jointed 
polygonal frame under a system of loads perpendicular to the plane of the frame.* 
The following analysis also includes externally applied moments about the radial 
and tangential axes. As in §5, the energy due to shear and thrust is neglected 
and the energy due to bending and torsion only is considered. 

For symmetrical loading there is one unknown to be determined, a bending 
moment M,, about the vertical axis of symmetry. For unsymmetrical loading 
there are two additional unknowns, a shearing force Q normal to the plane of 
the frame, and a torsional couple VM, about a horizontal axis. (Fig. 13.) 


* R. & M. No. 1039, ‘* Stresses in a stiff-jointed polvgonal frame under a system of loads perpen- 
dicular to the plane of the frame,’’ by J. F, Baker, B.A. 


(1 
N k=1 
} 
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bo 


§8.1. Symmetrical Loading 

Considering a system of forces and moments in equilibrium, let Z be the 
external force at the kth joint perpendicular to the plane of the frame, let M, be 
the moment about the radial axis at the kth joint, and M, the moment about 


the tangential axis at the kth joint. Then 
N 
1 
N N 
cos (2k-—1) B= sin (2k-—1) B— My, cos (2k-1) (2) 
1 1 


Let L, be the bending moment about an axis in the plane of the frame 
perpendicular to the transverse member, and T, the torsional moment about the 
transverse member, at a point on the rth side of the polygon at a distance s from 
the rth joint. Then 


A 
L,=+M, cos 2rB-— 


sin (2k-2r—1) B+R sin 


+ [M, cos (2k —2r—1) B+ My sin (2k —2r—1) B] 
k=r+l1 N 
and T,=+M, sin + SZ cos B—R cos (2k—2r—1) B] 
k=r+1 


N 
— sin (2k—2r—1) B— My cos (2k —2r—1) B] 
k=r+1 
The strain energy of the frame is 
W=(1/2k ds +(1/2CJ) § (T,)? ds 
where EF) is the modulus of elasticity, C the modulus of rigidity, J the polar 
moment of inertia, and /’ the moment of inertia, about the axis of L,, of the 
transverse member. 
The strain energy is 4 minimum when 


(1/EV’) § L, (dL,/dM,} ds +(t/CJ) § T, (aT,/dM,) ds=o 


For the rth side, 


w 


dW /dM,=(2h sin B/ET') { My cos* 2r8B— Z|R cos 2rB sin (2k —2r—1) 


k=r+1 
+cos 2rB X cos (2k -2r—1) B+ My sin (2k —2r—1) B]} 
k=r+1 
+(2R sin B/CJ) { M, sin? 4 ZE sin arp [cos B—cos (2k —2r—1) B} 
k=r+1 
sin 2rp |. M, sin (2k --2r—1) B— My, cos (2k—2r—1) B]} 
k=r+1 


For the whole frame, 


dW /dM,=(4R sin B/EI') { NM, /2 
N 
— & (ZR /2) |k sin (2k—1) B—sin (2k — 2) B/2 cos B] 
k=1 


(M,/2) [k cos {2k—1) B+sin (2k —2) B/2 sin 


k=1 


N 
(M,/2) [k sin (2k —1) B—sin (2k—2) B/2 cos B]} 
k=1 


+(4R sin B/CJ) { NM,/2+ (ZR/2) | —(k—1) sin (2k—1) B 


+ {cos B—cos (2k—1) 8 } cos B/sin B—sin (2k — 2) B/2 cos B| 
N 
+ X (M,/2) [(k—1) cos (2k —1) B—sin (2k —2) B/2 sin 8] 
+ X (M,/2) [(k—1) sin (2k —1) B+sin (2k —2) B/2 cos } 


J 
1 
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From equations (1) and (2) and the above, 


N 
dW/dM,=2R sin B { (1/EI’+1/CJ) [NM & Z (2k—1) { sin (2k—1) B } /2 
1 


N N 
+ = M, (2k—1) { cos (2k—1) B} /2+ M, (2k-1) sin { (2k-1) B } /2] 
1 1 
N 
+(1/EI'—1/CJ) M, sin (2k —1) B/sin 
1 
N 
—1/CJ |X ZR cos (2k —1) B cos B/sin B] } =o ; ; (4) 
1 
Therefore, 
N 
& (2k — 1/2) |(ZR—M,) sin (2k B—M, cos (2k—1) B] 
1 
N 
—[(CJ— El’) /(CJ + EI) M, sin (2k—1) 8/sin 28 
1 


N 
+[EI'/(CI 4+ EI] ZR cos (2k—1) B cos B/sin B (5) 
1 
When M,=M,=o0 at all the joints, 


N 
x Z cos (2k-—1) B=o 
1 


N 
and M,=(R/N) & Z (2k—1) { sin (2k —1) B } /2. 
1 


§8.2. Unsymmetrical Loading (Fig. 13) 

As in §5.2, it is assumed that the external loads and moments on the port 
and starboard sides of the frame are equal and opposite. Let Z, M, and My, 
be the external force and moments at the ‘kth joint on the port side, and —Z, 


—M, and — MM, at the kth joint on the starboard side. Then, for equilibrium, 
N N 
— ZR sin (2k-—1) B+ cos (2k-—1) B+ M, sin (2k —1) (1) 
1 


For «an unsymmetrical system of loads in the piane of the frame, it is shown 


in §5.2 that M,=H=o. Similarly, for a system of unsymmetrical loads not in 
the plane of the frame, 3/,=0. 


Let M,=M,—QR cos B : (2) 
For ihe rth side (port), 
N 
L,= —M, sin 2r8+Q (Rk sin B—s)— XZ |R sin (2k-2r—1) B+R# sin B—s] 


k=r+1 


N 
+ [M, cos (2k—2r--1) B+ M, sin (2k—a2r—1) 
k=r+1 


N 
T,=+M, cos 2rB—QR cos B+ Z|R cos B—R cos (2k —2r—1) B] 

k=r+1 

— X[M, sin (2k-2r—1) B—M, cos (2k —2r—1) B] 

k=r+1 

dW/dM,=(2R sin B/EI') { M, sin? 2rB 4 S ZR sin sin (2k—a2r—1) B 
k=r+1 
N 
—sin 2r8 X [M, cos (2k—2r—1) B+ My, sin (2k —2r—1) B]} 

k=r+1 


+(2R sin B/CJ) { M, cos? 2rB—QR cos B cos 2rB 


N 
cos 2r cos B—R cos (2k — 2r—1) 


k=r+1 


N 
—cos 2r8 M, sin (2k—2r—1) B—M, cos (2k —2r—1) 
k=r+1 i 
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Tre StivrF-JoINTED RADIALLY BRACED FRAME. 
Loaps PERPENDICULAR TO THE PLANE OF THE FRAME. 


Mo 


Arr. 


Arr 


Mr 


All moments on the port side are right-handed about the positive 
directions of the axes as shown. 
Corresponding moments on the starboard side are left-handed. 


FIG. 13. 


For the whole frame, 
dW /dM,=(4R sin B/EI’) { NM,/2 


(ZR/2) [(k—1) cos (2k —1) B—sin (2k —2) B/2 sin B] 


(M,/2) [(k—1) sin (2k—1) B+sin (2k —2) B/2 cos 


| = 
Port. Mr 2 STARB? 
M.. Mo 
| 
My | 
L 
n 
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4 


(M,/2) [—k-—1) cos (2k—1) B+sin (2k—2) 8/2 sin } 
N 
+(4R sin B/CJ) { NM,/2-— (ZR /2) |(k—1) cos (2k —1) B 
1 


+sin (2k—2) B/2 sin B—cos B sin (2k—1) B/sin B+ cos (2k—1) 
N 


— & (M,/2) [k sin (2k B—sin (2k —2) B/2 cos B] 
1 


=2R sin B { (1/EI'+1/CJ) |NM, 
{ (2k —1)/2} { ZR cos (2k—1) B+ M, sin (2k—1) B—M, cos (2k—1) B} | 


| 


N 
+ (1/EI!—1/CJ) & M, cos (2k —1) B/sin 28 
1 
+(1/CJ) % ZR cot B sin (2k—1) B} =o 
1 


Therefore, 


— 
— 


N 
NM,= [(2k—1)/2] [ZR cos (2k —1) B+ M, sin (2k—1) B—M, cos (2k—1) B| 
1 
N 
—[(CI — + EV)] & M, cos (2k—1) B/sin 28 
1 


—[(EI’)/(CJ + El')] ZR cot B sin (2k —1) B ‘ . (4) 
For the rth side (port), 
dW /dQ=(2R sin B/EI’) |QR? (sin? B)/3— ZR* (sin? B)/3] 
+(2R sin B/CJ) { —M, cos 8 cos 2rB + QR? cos? B 
ZR? cos B [cos B—cos (2k 


2r—1) B] 
y k=r+1 
+ Rcos B[M, sin (2k-—2r—1) B—M, cos (2k —2r—1) B] } 
k=r+1 
For the whole frame, 


N 
dW/dQ=(4R? sin B/EI') { QNR (sin? 8)/3-— ZR sin® B (2k —1)/6 } 
1 


+ (4R? sin B/CJ) { QNR cos? B 


— = ZR [(2k—1) (cos? B)/2—cos B sin (2k — 2) B/2 sin B— { cos B cos (2k —1) B } /2] 
1 


N 
+ = M, cos B[ { 1—cos (2k—2) 8} /2 sin B+ { sin (2k—1) B} /2] 
1 
N 
— = M, cos B [sin (2k-—2) B/2 sin B+ { cos (2k—1) B} /2]} 
1 


N 
= 4R? sin B { (sin? B/3EI'+ cos? B/CJ) (QNR— (2k —1) ZR/2) 
1 


N 
+(1/CJ) & M, (cot B)/2} =o 
1 


. (5) 
N N 
Q= & (2k-—1) Z/2N— { 3El'/(CJ sin? B+ 3EI' cos? B)} cot B/2NR (6) 
1 1 
N 
When M,=M,=o0, Z sin (2k—1) B=o0, 
1 
N N 
M,= & (2k-—1) ZR {cos (2k-—1) B} /2N and Q= & (2k—1) Z/2N 
1 ] 


N 
+ & (M,/2) [k cos (2k-—1) B+sin (2k — 2) B/2 sin B] } 
1 
= 
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89. The Braced Girder Polygonal Ring as a Space Frame 

For the space frame illustrated in Fig. 14, the section through any one of 
the braced transverse girders which form the sides of the polygon is an isosceles 
triangle with its apex inwards. There are three ridge members, two outer and 
one inner, and the panel between each pair is braced by wires. The ring is 
symmetrical about a central plane through the inner ridge members. 

Let Rh, be the radius to each outer joint ; 

R,, be the radius to each inner joint; 
d the *‘ depth *’ of the girder, where d=(R,—R,) cos B; 
a the depth of one side of the girder measured perpendicular to the 
ridges ; 
b the width of the frame; and 
c the perpendicular distance of one outer ridge from the plane containing 
the other two ridges. 

Consider a section w-v-w through the mid-points of the three ridges of the 
rth side of the ring. The section is normal to the ridges and passes through 
the points of intersection of the bracing wires in each panel. 

Let M, be the moment of the external forces about the forward outer ridge ; 

M, be the moment of the external forces about the after outer ridge ; 
V,, be the moment of the external forces about the inner ridge ; 
M,, be the moment about the axis wv; 

Vy, be the moment about the axis we; and 

Myy be the moment about the axis wu. 

Assuming, as in $6, that the two wires in each panel have equal and opposite 
loads, the resultant action on the section uew of the two wires in the ww panel 
is a shearing force M,/c perpendicular to the ridges and in the direction u-w. 
The end load in a wire in the ww panel is equal to +1.M,/2ac, where |, is the 
length of the wire. Similarly the end load in a wire in the we panel is 
+1,M, /2bd, where |, is the length of the wire in the base panel, and in the vw 
panel is 

Also the end load in the forward outer ridge (u) is — M,,/c; 
the end load in the after outer ridge (v) is + My, /c; 
and the end load in the inner ridge (i) is + M,,/d. 

Neglecting the energy of the side and base struts at the joints, the total 
strain energy of the rth girder is 
W.: on sin 3/( | (Mavs (M } 
sin B/(EA)y| (4 dy? ya? (1 [(M,? + M,?)/c?] 

+ [(1,)8/4b? (My? 
where (HA), is the product of the area and the coefficient of elasticity for the 
outer ridge, (HA), for the inner ridge, (fA), for the side wires, and (EA), for 


2k 


the base wires. 
§9.1. Stresses due to External Loads applied in the Plane of Symmetry 
Radial and tangential loads applied equally to the two faces of the frame 
may »e represented as loads in the central plane. The stresses in the members 
may be found from the formulw of $6 for the plane frame which is the projection 
of the space frame on the plane of symmetry. The area of the outer ridge of the 
equivalent plane frame is equal to the sum of the areas of the two outer ridges 
of the space frame, and the area of the inner ridge of the plane frame is equal 
to the area of the inner ridge of the space frame. The energy of the bracing 
wires in a panel of the plane frame must be equal to the energy of the two pairs 
of wires in the side panels of the space frame, for a given shearing force S. Thus, 
[ (LS)? /(2d)?] =| [(1.)?/(2a)?] [(aS)?/(2d)?] 
where |, and (A), refer to the plane frame, and |, and (EA), to the side panels 


of the space frame. 
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or 
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Tue Space Frame. 
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ENLARGED VIEW OF SECTION 
UUW IN DIRECTION OF ARROW \ 


All moments on the port side are right-handed about the positive 
directions of the axes as shown. 
Corresponding moments on the starboard side are left-handed, 
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Therefore, 
(EA), 
and in the formule of £6, 
p=(R, sin B)/d* (EA),, q=(2R,, sin (FA), and g=1,5/4d? (EA),, 
where /,, (FA),, (HA), and (EA), refer to the space frame. 

The final loads in the members of the plane frame must be converted into 
loads in the members of the space frame. The loads in the inner ridges are 
equal, the load in each outer ridge of the space frame is equal to half the load in 
the outer ridge of the plane frame, and the ratio of the load in each side wire of 
the space frame to the corresponding wire load in the plane frame is |,/2l,. 

If the base wires of the frame are initially tensioned, the area of an 
* equivalent bar ’’ may be added to the area of the outer ridge, but it is unlikely 
to make an appreciable difference to the final results. 

When the radial and tangential loads applied to the two faces are unequal, 
they may be replaced by equal loads combined with moments about tangential 
and radial axes. The stresses due to these moments may be deduced from the 
following analysis. 


§9.2. Stresses in a Space Frame under a System of External Forces which 
tend to Distort the Frame out of its Plane 


At a section through the girder OO (Fig. 14), the forces which must be 
applied to one half of the frame to maintain equilibrium are as follows :— 

a moment M,, about the vertical axis of symmetry ; 

a moment M, about an axis at right angles to the axis of symmetry, 
and a shearing force Q perpendicular to the plane of symmetry and 
applied at the outer ridge. 

For loading symmetrical about the vertical axis, M,=Q=o. 


9.21. Symmetrical Loading 

Considering a system of external forces and moments in equilibrium, let Z 
be the external load, perpendicular to the plane of symmetry, applied at the 
kth outer joint, M, the moment about a radial axis and M, the moment about a 
tangential axis at the kth outer joint. 

For equilibrium, 


[-—ZR cos (2k—1) B— M, sin (2k-1) B+ M, cos (2k—1) B]=o0 (2) 
1 
For this type of loading, 


M,=M, and 
M,,,=M,,=aM,/2d, 
where M, is the moment about the axis which is the projection of wu and wv 
in the plane of symmetry. 
Then 
W=[2R, sin B/(EA),] a?M,?/4c7d? 
+ A),2a*c? +1,5M,,?/(EA),4b?d? 
= PM,?/2+ GM,?/2+JM,,?/2 
where P=[R, sin B/(EA),] a?/c? 
(EA) 
J =1,°/(EA),2b7d?. 
The strain energy is a minimum when 
PM, (dMq/dM,)+ GM, (dMy/dM,)+ SIM, (dM,/dM,)=o . (3) 


M 
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For the rth side, 
N 
M,=-—M, sin Z|R, cos B—R, cos (2k —2r—1) B] 
k=r+1 
7 M, sin (2k —2r—1) B—M, cos (2k -—2r—1) B] 
=r+l1 
M,=M,=-—M,j sin 2rB— & Z[R, cos B—R, cos (2k-2r—1) B] 
y k=r+1 
[M, sin (2k —2r—1) B—M, cos (2k-—2r—1) 
1 


ll 
+ 


N 
Mag=+M, cos arB+ sin (2k —2r—1) B 
k=r+1 
+ M, cos (2k-—2r—1) B+ M, sin (2k -—2r—1) B] 
For the whole frame, 
N-1 
dW/dM,=(G+J) M.S > ‘(1 —cos 4r8)+PM, {2+ & (1+¢cos } 


f=] t= 


N k=1 
—(G+J) (ZR, —M,) (2k —1) B—sin (2k-—4r—1) B]} 


k=1 1 
N k 
—P (ZR,—M,) { sin (2k-—1) B+ & [sin (2k —1) B+sin (2k-4r—1) B]} 
1 r=] 
+(GR,+JR,,) & Z cos 2 sin 
k=1 t=] 
N k-1 
—(G+J) M, { [cos (2k —4r—1) B—cos (2k—1) B] } 
h 
+P & M, { [cos (2k -4r—1) B+cos (2k—1) B]+cos (2k—1) B} 
k=1 t=1 


[(2k—1)/2] [ZRy sin (2k —1) B 
1 
— M, cos (2k B-—M, sin (2k—1) B] } 
_(GR,+IR,) [Z cot B cos (2k—1) B| 
1 
—(G+J—P) X[M, sin (2k—1) 8]/sin 28=0 (4) 
1 
N 
Mo= & [(2k—1)/2N] [ZR, sin (2k —1) B— M, cos (2k—1) B—M, sin (2k—-1) B] 
1 
N 
{ cot B cos (2k -1) BY /N 
1 
N 
= [M, sin (2k—1) B]/N sin 28 (5) 
1 


§9.22._ Unsymmetrical Loading 


Let Z, M, and M, be the external force and moments at the kth outer joint 
on the port side, and —Z, — M, and —M, at the kth outer joint on the starboard 
side. Then, for equilibrium, 


N 
= [-ZR, sin (2k —1) B+ M, cos (2k—1) B+ M, sin (2k—1) B]=o (6) 
k=1 
As in §8.2, it may be shown that, 
Let M,=M,—QR, cos B « & 


|_| 

t Z 

the 
it a 

(1) 

(2) 

(3) 


For the rth side (port), 
—M, cos arB+QR, cos B— |R,, cos R,, cos (2k -2r—1) 


sin (2k 


For the whole frame, 


N 
dW/dM,=(@+J+P) [NM,— { (2k-1)/2} { ZR, cos (2k—1) B 
1 


(2k —1)/2N] [ZR,, cos ( 


For the rth side (port), 


2r 
the whole frame, 


dW /dQ=(GR,? + 


When M,=M,=o0, 
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k=r+1 


2r--1) B—M, cos (2k—2r—1) B] 


M,=—M, cos 2rB+ Qh, cos B Z|h, cos B- R, cos (2k—2r—1) 


k=r+1 


N 
[M, sin (2k -—2r—1) B—M, cos (2k—2r—1) B] 


N 
M,=— AM, sin 2rB+ sin (2k-2r—1) B 


k=r+1 


2r—1) B+ sin (2k—2r—1) B| 


(2k —1) B— M, cos (2k—1) B} | 


A 
+ JR) |Z cot B sin (2k—1) B] 
1 


[M, cos (2k —1) B/sin 2B]=0 


1 


d 
+J+P)|] X |Z cot B sin (2k—1) B\/N 
1 


N 
J+P)| S|M, cos (2k—1) 8/(N sin 
1 


dW/dQ=—(GR,+JR,) M, cos B cos 2r8 + (GR,? + JR,?) (Q cos? B— XS Z cos? f) 


k=r+1 


—(GR,+IR,) cos B | S { —ZR, cos (2k—2r—1) B 


k=r+1 
1) 8+ M, cos (2k-—2r—1) B} | 
N 
2NQ cos? B— (2k-—1) Z cos? 


1 


N 
+ (GR, +JR,) M, cot B=o 


1 


AN 
Z/2N-[(GR, + IR,)/(GR,?2 +IR,2)| M,/N sin 28 (1 


M,=+ (2k—1) [cos (2k—1) B]/2N 


N 
Q=+ > (2k—1) Z/2N 
1 


k—1) B+ M, sin (2k —1) B—M, cos (2k—1) 
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N 
k=r+1 
k=r+] 
Therefore, 
Mo > 2 
1 
= 
For 
I 
Therefore, 
1 
sin (2k —1) B=o 
1 
| 
| 
| 
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(9) | 
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§9.23. A Bending Moment and Shearing Force applied to the Frame by 
Uniform Longitudinals and Shear Wires 

The system of external forces represented in Fig 1b has already been examined 
on the assumption that the shear wires are uniform ($6.3). The system of external 
forces represented in Fig. 1c is a special case of the symmetrical loading system 
examined in §9.21. 

Assuming that the longitudinals and shear wires are of uniform strength 
throughout any one bay, the following expressions may be used for the external 
joads and moments on the frame :— 


N 
Z=M (cos (2k —1) B)/2R, cos? (2k—1) B=M [cos (2k—1) B|/NR, 
1 


where M=M,— 
Let V, be the load applied by the shear wires in the kth panel to the forward 
face of the frame, and — V, to the after face, where 
V,=S, (sin 2k8)/N ($4.3 and Fig. 1¢). 
Assuming that V,/2 is applied at each end of the kth panel, the loads applied 
to the forward face are 
X,=S, sin |sin (2k —2) B—sin 2kB]/2N=—S, { sin? cos (2k-—1) B}/N 
Y,=—S, cos B [sin (2k—2) B+sin 2kB|/2N=-—S, { cos? B sin (2k—1) B} /N 
The loads applied to the after face are — X, and —Y,. The moments applied 
to the joints of the space frame are then 
M,=Y,b=-—M { cos? B sin (2k-—1) B} /N 
M,= —X,b=+M { sin? B cos B} /N 
Substituting these values in equation (5) of $9.21, 
{ (M cos? B)/N } (2k —1) { sin (4k—2) B} /2N 
1 


N 
[M cot B/N*R,] [1 +cos (4k —2) 


M 


cot B/2N?] X [1—cos (4k 2) B]/2 
1 


=—J (R,—R,) M cot B/(G+J+P) 2NR, (13) 
Also M,=—M, sin 278+ M sin 2rB cot B (R,—R,)/2NR, 
=—(G+P) Md sin 2NR, sin B 
M M, sin 2rB=J M sin 2rB/(G+J+P) 2NR, sin B 
where d=(R,—R,,) cos B. 
M,=M,, cos 2rB= —JMd cos ar8/(4+J+P) 2NR, sin B 
If the stiffness of the wires in the side panels is negligible compared with 
that of the base wires, P is large compared with JJ, 
M,,= —M (R,—R,) cos B sin 2rB/(2NR, sin B) and M,=M,=o 
and the loads are transmitted entirely by the base wires. The effect of the 
addition of effective side panels is to reduce the loads in the base wires in the 
ratio (44+ P)/(G+.J+P) and to load the side wires and outer ridges. The values 
of P, G and J are given in $9.21. 


a 


§9.24. With no Initial Tension in the Bracing Wires 


When one wire in each panel is slack, the load in the opposite wire is doubled 
and there is an additional end load in each ridge. If the stresses are to be com- 
bined with those due to a system of external loads in the plane of the frame, an 
examination of the final loads is required to determine which wire is slack. In 
this case it is advisable to replace G by 2G, and J by 2J. If the system of external 


| 
11) 
12) 
| 
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loads perpendicular to the plane of the frame is the dominating case, more accurate 
values may be found for the constants used in the formule. It will usually be 
found that M, and M,, are either of the same sign for almost all the panels, or of 
opposite sign throughout. If they are both positive, there will be an additional 
end load in each outer ridge, given by, 
-R, sin B (M,/ac)—R, sin B (M,,/bd)= —(M,R,, + M,R,) (sin B)/ac 
since ac=bd. There will also be an end load in the inner ridge given by 
2k, sin (M,,/ac) 
The total strain energy is then 
W=[R, sin B/(EA)q] { — (MR, + M,yR,) (sin B)/ac}? 
aM,/2cd —(M,R,+M,R,,) (sin B)/ac) } 
+[R, sin B/(EA),] sin B (M,/ac)|? + GM,?+IM,? 
= PM,?/2+ G'M,?/2+J'M,?/2+KM,M, 
where G!=2G+8R,?R,, (sin® 8)/a?c? +4R,R,? (sin*® B)/a?c? (EA), 
J'=2J (sin* B)/a?c? (EA), 
K=4R,7R,, (sin® B)/a?c? (HA), 
For symmetrical loading the strain energy is a minimum when 
> G'M, (dM,/dM,)+ SJ'M,, (dM,,/dMo) + PM, (dMa/dMo) 
+ (dM, /dM,)+M, (dM,/dM,)|=o0 
Since dM, /dM,=dM,/dM,, this equation may be written, 
(G'+ K) M, (dM,/dM,)+ (J'+ K) M,, (dM,,/dM,) 
+ PM, (dM,/dM,)=0 . (14) 
The formule in the previous paragraphs may be used if (G’+K) and 
(J'+ K) be substituted for G and J respectively. Similarly, for unsymmetrical 
loading, the value of MV, can be deduced from §9.22 if (G/+K) and (J’+K) be 
substituted for G and J. To find the value of Q, (G’+ R,K/R,) and (J’+ R,K/R,) 
must be used in place of G and J. When M, and My, are of opposite sign, the 
sign of A is changed. 


14 


§10. The Distortion of an Elastic Structure under a System of External 
Forces 

The first theorem of Castigliano proves that, if the total strain energy of an 
clastic siructure be expressed in terms of the external forces, the partial differential 
coefficient of this expression with respect to one of the forces gives the relative 
displacement of its point of application in the direction of its line of action. This 
theorem may be used to find the relative deflections of the joints of an elastic 
structure whether it contains redundant members or not. 

For a framework containing m redundant members, under a system of 
external forces, let the load in the rth redundant member be H,, and the load in 
the kth member of the framework be T. Then T may be expressed in terms of 
the external forces and of the loads in the redundant members, as follows :— 

(1) 
where WV, W, and IW, are the external forces. If the total strain energy of all 
the members in the framework be U’, 

U=3,T?L/2EA 
where 1 is the length of the kth member, E the coefficient of elasticity and A 
its cross-sectional area. f 
It follows from the second theorem of Castigliano that 
dU /dH,=dU /dH,=...=dU/dH,,=0 
which gives 

= (TL/EA) b,=3 (TL/EA) b,=. ..=3 (TL/EA) b,=0 (2) 

The summation is applied to all the members of the structure, including 
redundant members. 
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The deflection at the point of application of W,, in the direction of its line 
of action, is given by 


(TL/EA) (aT /dW,) 


(TL/EA) [a,+b, (dH,/dW,)+...+b, (dH,,/dW,)] 
from equation (2). The expression (L/EA) a, represents the extension of the 


kth member due to unit load at the point of application of JV, and in the 
directioa of its line of action. Since a, is independent of the value of W,, the 
expression given in equation (3) may be used to find the deflection at any joint 
and in any direction, whether the joint be loaded or not. Also, a, is independent 
of the values of the loads in the redundant members and may be calculated for 
the simple structure, which remains when the redundant members have been 
removed. Alternatively, the value of a, may be calculated for the complete 
structure, and the value of T for the simple structure without redundant members. 
The redundant members may be chosen in such a way as to minimise the labour 
of calculating the loads in the members of the simple structure. The result of 
equation (3), stated in the form of a theorem, is as follows :— 

If the end load in each member of an elastic framework, due to a system of 
external forces, be multiplied by the extension of the same member due to unit 
load applied at a joint of the framework, the sum of the products so formed is 
equal to the relative deflection, due to the external forces, of the point of appli- 
cation of the unit load measured in the direction of its line of action. When the 
framework contains redundant members, either the end load in each member due 
to the external forces, or the extension due to the unit load, may be calculated 
for the simple framework, which remains when the redundant members have 
been removed. 

When the strain energy of an elastic structure is due to bending, shear or 
torsion, a similar result is obtained. 

If the energy be entirely due to bending, let be the bending moment at 
any point due to a system of external forces, and m the bending moment at the 
same point due to unit load applied at the kth joint. The strain energy is given by, 


U=|(Me ds 


and the deflection at the kth joint in the direction of the line of action of the unit 
load is, 


6=|(Mm/EDds 


The values of either M or m may be calculated for the simple structure 
without redundant members. 

For a particular case of loading on a transverse frame, for which the stresses 
in the members have been determined, the relative deflections of the joints may 
be calculated by the method described above. In the following paragraphs 
examples are given of the development of formule for the deflections at the joints 
of transverse frames due to symmetrical systems of external forces. In most 
cases, in practice, it will be found more convenient to apply the method directly 
to the numerical values of the internal loads than to apply the formule to the 
external loading system. 


811. Distortion of the Pin-jointed, Radially Braced Frame 


The deflections of the joints of the radially braced frame are measured relative 
to the central joint and the axis of symmetry which are assumed fixed. The 
radial deflection of a joint is equal to the extension of the radial wire. The 
tangential deflection may be found by means of the theorem stated in the pre- 
vious paragraph. The values of the final deflections depend on the amount of 
initial tension in the radial wires before the frame is loaded. When the initial 
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tension is sufficient to keep all wires taut under the system of loading considered, 
the method illustrated in $11.1 may be used. When there is no initial tension, 
the method for a statically determinate structure may be used, as illustrated in 
$11.2. When the initial tension is sufficient to keep all wires taut up to a certain 
stage of loading, but not under the complete system of external loads, the 
deflections at that stage may be calculated by the method of §11.1, and the 
differences between those deflections and the final ones may be found by the 
method of §11.2. Assuming that the rate of loading is the same for all the 
external loads, and that the stress in every member is always below the elastic 
limit for the material, the rate of change of deflection with increasing load is 
constant up to the stage at which the initial tension ceases to be effective, then 
suddenly changes its value and remains constant again until the final loads are 
reached. It is shown in $11.3, that for any symmetrical system of external loads 
the radial deflection at the joint at which the wire becomes slack increases its 
rate of change with load in the ratio N (1+c/2 sin 8), where c=(KA),/(FA),, 
where (FA), refers to the wires and (FA), to the transverse members. 


For this type of frame local deflections are likely to be more important than 


the overall extension or contraction of the diameter. When the initial tension is 
inadequate, there is a danger that excessive inward radial deflection of a joint 
may cause collapse of the frame. If an inward radial load be applied to one 


joint and the wire be slack, the load is resisted locally by the transverse members. 
When N is large, the angle between the transverse members and the external load 


is small and is decreased by the inward deflection of the joint. The loads in the 
members, and, therefore, the deflections are further increased until a state of 
equilibrium is reached or the frame collapses. Adequate initial tension in the 


tadial wires is thus essential for the stability of such a frame as an independent 
structure. When it is erected as part of the hull structure of a complete ship, 
the adjacent shear wires will resist the external load and prevent collapse, but 
the frame can no longer be regarded as a comparatively rigid bulkhead. 


§11.1. Deflections of the Initially Tensioned Frame 
If 2, be the radial deflection at the fth joint due to a radial load X and a 
tangential load Y applied at the kth joint at each side of the frame, then, from 
84-1, 
when f<k, 
sin sin B)+Y¥ tan B (2N—2k4+1)/N] . (1) 


f 
when f=k, 


—(2X sin B)/N (c-+2 sin B}+Y tan B(N—2k+1)/N]. (2) 


when f<k, 
a,=|R/(EA)«]| —(2X sin 8)/N (¢ +2 sin B)+Y tan B (—2k+1)/N] (3) 


The tangential deflection is given by 


N N-1 
+ 2c sin B X sin B (S58, + Sy8x)| 

1 1 
where TJ, and S, are the loads in the members due to the external loads as 
calculated in $4.1, and ¢, and s, are the loads in the rth radial wire and transverse 
member due to unit tangential load at the fth joint at each side of the frame, 
balanced by a vertical load at the central joint. For the calculation of ¢, and s,, 
the frame may be considered as a simple structure and the redundant load H 
may be ignored. 

When r<f, ¢,=2 tan B, s,= —sec 
P=), 6, 
8,.=0O. 
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Also, from $4.1, 
when r<k, 
T,= —(2X sin B)/N (c+2 sin tan B (2N—2k+1)/N 
S,=X/N (c+2 sin B)—Y (2N—2k+1) (sec B)/2N 
when r=k, 
T,= —(2X sin B)/N (c+2 sin B)+Y tan B (N—2k+1)/N+X 
S,=NX/N (c+ 2 sin B)+(2k—1) (Y¥ sec 
when 
T,= --(2N sin (c+2 sin B)—Y tan B (2k—1)/N 
N (c+2 sin 8)+(2k—1) (Y sec B)/2N 
W 
{ (2f—1) tan — (2X 
-1) see B (2¢ sin 8)/2| X 
=|R/(EA)y] 
+ (2f—1) (2N—2k+1) 
Similarly, when f=k, 
TA)w| { (N—2k+1) (X/N) tan B 
+(2k—1) (2 2k 4 (c +2 sin (¥ tan B)/2N cos B—Y tan? B } (5) 
By Clerk Maxwell’s se ae al theorem, when f>k, from (1) and (4), 
y;=[R/(EA \w] { (2N —a2f +1) (X tan B)/N 
+ (2k —1) (2N—2f+1) (¢ +2 sin B) Y tan B/(2N cos B) } : (6) 


sin N (c+2 sin B)+Y tan B (2N-—2k4+1)/N| 
N (c+2 sin B)—Y sec B (2N—2k+1)/2N] } 
ia 1) (X/N) tan B 

(c+ 2 sin 8) Y tan B/(2N cos B } (4) 


811.12. Deflections of the Initially Tensioned Frame when supported by 
Uniform Shear Wires and Loaded Vertically at the Central Joint 

From $4.3, the radial deflection at the fth joint for all values of f is given by 
t,=[R/(EA)w] { —(W/N) cos (2f-1) 


The tangential deflection is given by 


{ | —(V/N) cos (2r—1) B] (2 tan B)—(IV/N) cos (2f—1) tan B 
: 
+ 2c sin B |X (—sec cot cos 2rf)/2N— W see B (cot £)/4N] 
T= 
(E. ‘/2N) (¢+2 sin sin (2f—1) B/sin B 
= —|h/( (IW/N) sin (2f—1) B | sin . (8) 


When the transverse members are infinitely stiff compared with the radial 
wires, c=o, and 
| (IV/N) cos (2f 
y,=|R/(E A), | | -(W/N) sin (2f 
and the resultant deflection of any joint is an upward movement of 
§=[R/(EA),] (W/N) 
Relative to the frame, the central joint moves downward through a distance 
6. In this case, the distortion of the frame under load has no effect on the 
distribution of lift in the shear wires. 


811.2. Deflections of the Joints of the Frame when there is no Initial 


Tension 

In the investigation of the distortion of a radially braced frame, when there 
is no initial tension in the wires, the principle of superposition no longer holds, 
and the effect of a complete system of loads must be examined as a whole. 
Under another loading system, a different wire may be slack, and the structure 
is effectively changed. In the following cases it is assumed that no other loads 
are applied to the frame, and they are given as isolated examples of the type 
ot distortion which may occur. 


(1) 
(2) 
(3) 


546 HILDA M. LYON 


§11.21. Distortion due to an Inward Radial Load 


Let an inward radial load U be applied at the kth joint at each side of the 
frame and balanced by a vertical load at the central joint. Since the kth wire is 
slack, 

S,=S,_,= —U/2 sin B=S8S, for all values of r, and 
Tx.,=7-,;=U=T, for all values of r, except r=k. 
The radial deflection at every joint except the kth is 
At the kth joint, 
a= { TdT/dU + 2c sin B & SdS/dU } 
where the summation extends over half the frame. 
= —|R/(EA),] { (N-—1) U+ceNU/2 sin B } 
= —|R/(EA)y| { NU (c +2 sin B/2 sin B—U } (2) 
The tangential deflection at the fth joint is given by 
{ T,t,+2¢ sin BS +e sin B (S,8, + Sysy) } 
1 1 
where 7, and S, are the loads in the radial wire and the transverse member due 
to LU’, and ¢t, and s, are the loads due to unit load in a tangential direction at the 
fth joint, balanced by a vertical load at the central joint, when the kth wire is 
slack. 


When f<k and r<f, t,=2 tan B, s,=—sec B, 


1:=0, =o. 
{ (2f—1) cU/2 cos 8+ U B+ 2 (f—1) tan B] } 
=|RU/(FA),| (2f—1) (¢ +2 sin £)/(2 cos 8) (3) 
Similarly, it may be shown that when f=k, 
yy= —|RU/(EA),| (N —2k +1) (¢ +2 sin B)/2 cos B : (4) 
and when f>k, 
—[RU/(FA)y| (2N—2f+1) (Cc +2 sin B)/2 cos B. (5) 
Comparing these deflections with the values found from $11.1 for X=—U, 
it will be seen that the initial tension reduces the deflections in the ratio 
2 sin B/(N) (ce +2 sin 8). When the transverse members are infinitely stiff 


compared with the radial wires, c=o, and the ratio becomes 1/N. 


§11.22. Distortion of the Frame when supported by Uniform Shear | 


Wires and loaded at the Central Joint 
The external load applied to the kth side of the frame by the shear wires is 
where 
V,.=(W/N) sin 2kB (§4.3) 
When there is no initial tension it may be assumed that the first wire is 
slack. If, as in $4.3, Vy/2 be applied at each end of the transverse member, 


2 V, sin 6, S.= — V,/2— > 
k=1 k=1 
For all values of r, 
S, (W/2N) sin arB— X sin 2k8= —(W/N) sin? r8 cos B/sin B 
k=1 


For all values of 7, except r=1, 
T,=(21V/N) sin r8 sin (r—1) B=(W/N) [cos B—cos (2r—1) B] 
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For all values of f, except f=1, 
z,=|R/(EA),| (W/N) [cos B—cos (2f—1) B} (6) 
The maximum value occurs when f=N, and 
(EA),| (W N) 2 cos B 
The radial deflection at the first joint is given by 
#,=[R/(EA),] { 2¢ sin S,s,+c¢ sin B (S,8,+Sy8y) } 
1 1 


and is a positive quantity. 


where ¢,=—1 and s,=1/(2 sin 8) 


N 
{ —(V/N) ~ [cos B—cos (2r—1) 


N 1 . 
—[cW cos B/(N sin X (1—cos 2r8)/2—clW cos B/(2N sin B) } 
1 


=|R/(EA)w] { —W cos B (¢ +2 sin B)/2 sin B} (7) 


The tangential deflection at the fth joint is given by 
N N-1 
{ T,t,+2¢ sin B S,s,+c sin B (S,s,+Sysy) } 


1 
tan 8B, 8,=sec B, when r=f, 


where t,= 
—2 tan B, s,=sec B, when r>f, 
t.=0, when r<f. 
N 
yy=[R/(EA)y] { —2 tan B (W/N) [cos B—cos (2r—1) 


f+1 ‘ 
—tan B (W/N) |cos B—cos (2f—1) B| 


N-1 
—2c tan B & (I'/N) cot B (1 —cos 2rf)/2—c tan B (W/N) cot B} 


=[R/(EA)y] { —(W/2N) (e+ 2 sin B) —2f+1)+sin (2f—1) B/sin B]} (8) 


The tangential deflection at the first joint is 
y,=[R/(FA),] { —tan B [cos B—cos (2r—1) B] 
N-1 
—c tan 8 & (W/N) cot B (1—cos 2r8)/2—c tan B (W/2N) cot B } 
= — (1/2) (e+2 sin B) [R/(EA)y| (9) 

When the transverse members are infinitely stiff compared with the radial 
wires c=o and the first joint moves vertically upwards through a distance 
(BA). 
and the Nth joint moves vertically upwards through a distance 

by =[R/(EA)y] (2W/N) 

Initial tension reduces the vertical movement of the first joint in the ratio 

1/N, and the vertical movement of the Nth joint in the ratio 1/2 ($11.12). 


811.3. The Effect of Initial Tension on Local Distortion of the Frame 


In a pin-jointed frame with no initial tension in the radial wires, under any 
given system of external loads, let the end load in the rth radial wire be T,, and 
in the rth transverse member, S, Assuming that the external loads are 
symmetrically applied to the two sides of the frame, let the kth wire on each side 
be slack. Then T;,=o0. 

In the same frame, with initially tensioned wires, the kth wire is redundant. 
Let the end load in the kth wire be 7,/, in the rth wire T,’, and in the rth trans- 


verse member S,/.. Then 


my my 
T,+T,! 
S,/=S,—T,!//2 sin B 
for all values of r, including r=k. 
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By the theorem of minimum strain energy 
[R/(EA)y] f T,! dT! /dT,! +2c sin B 8," d8,!'/dT,,! } =0, 
where the summation extends over half the frame. 
In the initially tensioned frame the radial deflection at the /:th joint is 
T,! 
In the frame with no initial tension, the deflection at the /th joint is 
2, =[R/(EA),] {= T,t,+ 2c sin BS 8,8, } 
where t,=—1, and s,=1/(2 sin 8), and the summation extends over half the 
frame. Therefore, 


[R/(EA),]){ 


From equation (1), 
a, (¢+2 sin B) NT,!/(2 sin B) . : ‘ (3) 
Comparing (2) and (3), 
(1+c/2 sin B) (4) 


As is shown from $11.2, the effect of initial tension on the other deflections 
of the joints of the frame varies with the nature of the system of external loads. 
When the transverse members are infinitely stiff! compared with the radial wires, 
initial tension reduces the inward radial deflection at the kth joint in the ratio 
1/N, for any symmetrical system of external loads, for which the kth wire is 
slack when there is no initial tension. 


§12. Distortion of the Stiff-jointed Polygonal Ring 


Professor A. J. S. Pippard has investigated the problem of the distortion of 
a stiff-jointed polygonal ring under a system of vertical and horizontal forces.* 
The following analysis gives the results in terms of radial and tangential forces 
and defiections. 

Due to a symmetrical system of external loads and moments in equilibrium, 
the radial deflection at the fth joint is given by a,=(1/F1)\ M,m,ds, where the 
integration extends over half the frame. \/, is the bending moment at a point 
on the rth side due to the external loads, 7.c., 

M,=M,+H |R cos (2r—1) B—s sin arf] 


N 
sin (2k —2r) B—s cos (2k —2r—1) B] 
k=r+1 
N = N 
cos (2k —2r) 6 sin (2k — 2r— 1) > (YR + M,) 
k=r+1 k=r+1 
where M, and H are given by equations (10) and (11) of $5.12. 


“m,”’ is the bending moment at the same point on the rth side due to unit 


radial load at the /th joint. The redundant members may be neglected for the 
purpose of calculating the value of m,. Assuming that the unit radial load is 


applied at the fth joint at each side of the frame, and is balanced by a radial 
load at the first joint at each side, when r<f, 
My sin (2f—2r) B—s cos (2f—2r—1) 


The deflections are then measured relative to the first joint. 


x 


R. & M 913, ** The Distortion of a Stiff-Jointed Plane Polvygonal Frame under Loads \ppliec 
in its Plane,’’ by Professor A. J. Sutton Pippard, M.B.E., D.Se., and P. Field Foster, 
B.Sc., A.M.I.Mech.E. 


sin B} 


STRENGTH OF TRANSVERSE FRAMES OF RIGID AIRSHIPS 549 


For the rth side, 
2R sin 3 


N 
(1/E1)| sin B/E1] { —|My— (YR+M,)] cos B sin (2f—2r—1) B 


(1) k=r+i 
—HR | { (2+cos 28)/6 } sin (2f—1) B+ { (1 +2 cos 28)/6 } sin (2f—4r—1) B] 
(2) + | { (2+cos 28)/6 } cos (2f—2k) B 


k=rr+i 
— { (1+2 cos 2f)/6 } cos (2f+2k—4r—2) B] 
iV 
tive: = YR | { (2+cos 28)/6 } sin (2f—2k) B 
k=r+1 
+ {(1+2 cos 28)/6 } sin (2f+2k—4r—2) } 
When r=o, m,=—R sin (2f—2) B, 


R sin 8 
(1/E1)| M,m,ds=[R? sin B/EI] { —| My R+M,)] sin (2f—2) 
-HR cos sin 2) B 
(4) N 
+ X XR sin (2k —2) B sin (2f—2) B— YR cos (2k—2) B sin (2f—2) B} 
k=1 k=1 
oe The final result may be deduced from the formula for (1/E1) { M, (dM,/dT,) ds, 
ie given in §7.1, by substituting —m, for dM, dT;, and neglecting T,. 
A N 
(1/E1)| M,m,ds=[2R? sin B/E1] { —[M,— (YR+M,)] sin (f—1) B sin f@/sin B 
k= 1 
y 
—[H— sin (2k—1) B—Y cos (2k—1) 8B} [f sin (2f—1) B 
k=1 
sin 2f8/2 cos B| R (2+ cos 28)/6 
XR [ { (2+ cos 28)/6 } (f —k) cos (2f—2k) B 
ces k=] 
(1 +2 cos 28)/6 } sin (2f—2k) B/sin 28] 
im, 
YR |(24+ cos 28)/6| (f—k) sin (2f— 2k) B 
int 
R+M,) [cos 8/{2 sin |1—cos (2f— 2k) B] } 
k 
Substituting for VM, and H from equations (10) and (11) of $5.12, 
N 
a,=[2R? sin B/E1] { —[X (XR/2N) cot B 
1 
— X (2N-2k+1) (YR+M,)/2N] [sin (f—1) sin fB/sin B] 
1 
nit + & [(2N—2k+1) { X sm (2k—1) B—Y cos (2k—1) B} /2N 
1 
—(Y/N) sin (2k—1) B/sin 28—(3M,/NR) cot B sin (2k —1) B/(2+cos 28)| 
‘al |f sin (2f—1) B—sin 2f8/2 cos B| R (2+ cos 28)/6 
f-1 
— X XR { |(2+cos 28)/6] (f—k) cos (2f—2k) B 


—|(1+2 cos sin (2f— 2k) B/sin 28 } 


f-1 
+ YR [(2+cos 28)/6] (f—s) sin (2f—2k) B 
k=1 
— X(YR+M,) [cos B/(2 sin &)] |1—cos (2f—2k) (1) 


| 
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The tangential deflection is given by 
y;=(1/E1) M,m,ds 
where m,= —R+R cos (2f—2r) B+8 sin (2f—2r—1) B. 
The integration over the half frame gives as the final result 


N 
y:=(2R? sin B/E1) { [ —My+ (YR+M,)] [(2f—1)/2—sin (2f—1) 8/(2 sin 


+[(2+cos 2{)/6] [f cos (2f—1) B—sin 2f8/2 sin [HR { Xf sin (2k-1) B 
~YR cos (2k—1) B} ] 

[ { (2 +cos 28)/6 } (f—k) sin (2f 2k) B 

(cos B/(2 sin 8) { 1—cos (2f—2k) B } ] 


f-1 
— % YR [(2+cos 28)/6] |(f—k) cos (2f—2k) B—sin (2f— 2k) B/sin 28] 


k=1 
— (YR+M,) [(f—k)—cos B sin (2f— 2k) B/2 sin B] } (2) 


k=1 
where M, and H are given by equations (10) and (11) of §5.12. 


§13. Distortion of the ‘‘Braced Girder’’ Polygonal Ring 


Due to a symmetrical system of external loads and moments in equilibrium, 


the radial deflection at the fth joint is given by 
pMym,+ SqMym,+ ($6) 


where the summation extends over half the frame. 
For the rth side, due to the external loads, 
N 
M,=M,— (YR,+ M,)+HR,, cos B cos 2rB 

k=r+1 

— cos B sin (2k — 2r—1) 

k=r+1 


N 
+ X[YR, cos cos (2k —-2r—1) 
k=r+1 


M,=M,— (YR,+M,)+ HR, cos B cos 


N 
— X[XR, cos 8 sin (2k —2r—1) 


k=r+1 
N 
+ X[YR, cos cos (2k —2r—1) B] 
k=r+1 
N 
S=H sin 2r8— [X cos (2k —2r—1) B+ Y sin (2k —2r—1) B] 
k=r+1 


where M, and H are given in $6.12. 
The moments due to unit radial load at the fth joint, balanced by a radial 


load at the first joint are, when r<f, 


my,=—, cos B sin (2f—2r—1) B 
m,= —R, cos B sin (2f—2r—1) B 
s= —cos (2f—2r—1) B 
When r=o, m,=—R,, sin (2f—2) B 
m,= —R, sin (2f—2) B 


=O. 


whe 


| 

| 

| 


STRENGTH OF TRANSVERSE FRAMES OF RIGID AIRSHIPS 551 


The summation over the half frame gives 


N 
—[M,— (YR,+M,)] { [sin (2f-2) 8/2] 
1 


+ X cos B sin (2f—2r—1) B} 
t=] 
fal 
— X(¥R,+M,) cos sin (2f—2r—1) B (pR, +qR,) 
k=1 r=k 


{ (pR,*?+qR,?) cos? B [sin (2f- 


r=] 


f-1 
+g sin 2r8 cos (2f—2r—1) B} 
r=] 
N 
+ XN { (pR,?+qh,’) cos? B [sin (2k—1) B sin {(2f—2) 8/2 cos B 
+ sin (2k—2r—1) sin (2f—2r—1) B] 
r=1 
+g X cos (2k—2r—1) B cos (2f—2r—1) B} 
{ (pR,?+qk,?) cos? BS sin (2k —2r—1) B sin (2f—2r—1) B 
k=1 
+g X cos (2k —2r—1) B cos (2f—2r—1) B} 
N 
— XY { (pR,?+qh,?) cos? B |X cos (2k—2r—1) B sin (2f—2r—1) B 
k=1 t=] 
+ cos (2k-1) B sin (2f—2) B/2 cos 
f-1 
—g & sin (2k —2r—1) B cos (2f—2r—1) B} 
f-1 f-1 
+ XY (pR,?+qR,?) cos? cos (2k —2r—1) B sin (2f—2r—1) B 
k-1 v=k 


—g & sin (2k —2r—1) 8 cos (2f—ar 
v=k 


= —[M,— (YR,+M,)] (pR,+qRh,) [cos B—cos (2f—1) B]/2 sin B 
1 


1) B} 


f-1 
— (¥R,+M,) (pR,+qR,) cos B [1 —cos (2f—2k) B]/2 sin B 
k-1 


2) 6/2 cos B+ cos 2rB sin (2f—2r—1) B] 


— {H— X[X sin (2k-—1) B—Y cos (2k—1) B]} { [(pRy?+qR,?) cos? B+ g]/2 } 


{ f sin (2f—1) B—sin 2fB/2 cos B } 
{[(pR,?+qR,2) cos? B+] (f—k) cos (2f 2k) B/2 
~[|(pR,? + qR,2) cos? B—q] sin (2f— 2k) B/2 sin 28 } 
+ SY {[(pR,2+qR,2) cos? (f 


k=1 
where M, and H are given in $6.12. 


sin (2f — 2h) B/2 


For the tangential deflection at the fth joint, when r<f, 


My = —R,+R, cos B cos (2f—2r—1) B 
my= —R,+h, cos B cos (2f—2r—1) B 
—sin (2f—2r—1) B 
When r=o, m,=—R,+R,, cos (2f—2) B 
m,= cos (2f—2) B 


s=0 


(2) | 
| 
(1) 
||) 
— 
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Summation over the half frame gives as the final result, 


N 
= (Y Ry+M,)][ { (2f-1) (p+q) Ry} /2 


N 
sin (2f—1) B/(2 sin & { X sin (2k—1) B 
1 
—Y cos (2k-—1) B} ] [ { +qR,?) cos? |/ 2} {fcos (2f- 1) B 
—sin 2{B/2 sin —pRk,, (R,—R,) cos? B sin (2f—1) B/sin 28] 
= X { [(pR,?+qR,?) cos? B+ q] (f—k) sin (2f—2k) B/2 
+ 48.) Ry com [18 (of—2 k) Bl/sin 28 } 
{ +qR,*)cos? B+ g]/2} { (f—k) cos (2f — 2k) B—sin(2f— 2k) 8/sin 28 } 
—pR,, (Ry—R,) cos? B sin (2f— 2k) B/sin 
f-1 
— (YR,+,) { (f—k) (p+q) R, 
k=1 
—(pk,+qR,) sin (2f k) B cos? B/sin 2B } (2) 
§14. Distortion of the ascend, Radially Braced Frame under a 
Symmetrical System of External Loads 
When the values of the redundant forces have been calculated by the method 
described in $7.1, the deflections at the joints of the frame can easily be 
determined. 


The radial deflection at the fth joint is equal to the extension of the fth 
radial wire: 


= 


1 
k=1 


a,=[R/(EA)~| : : (1) 
The tangential deflection is given by 
y;=(1/EI)§ M,m,ds+[R/(EA)]S Tit, (2) 


‘where the integration and summation extend over the half frame, where 

M, is the bending moment at a point on the rth side of the frame due to 
the external loads; 

m, is the bending moment at the same point due to unit tangential load 
at the fth joint on each side of the frame, balanced by a vertical 
load at the central joint; 

T, is the end load in the rth radial wire due to the external loads; and 

t, is the end load in the rth radial wire due to unit load at the fth joint. 

The values of m, and t, may be calculated for the simple structure without 
redundant members. Since all radial wires are redundant, except the first, 
when r>1 
t, =sin (2f—1) B/cos B 
Therefore, 


[R /(EA)y] 7,t-=[R/(EA),] sin (2f—1) B/cos B . (3) 
From the results given in $12, (2), for the stiff-jointed polygonal ring, 
(1/E 1) Mym,ds=(2R? sin B/E1) { [ —M,+ (YR+M,)] |(2f—1)/2 
—sin (2f—1)8/(2 sin B)|+ [(2+cos 28) [f 1) B 
—sin 2/8/2 sin B] |HR : (X,—T,) R sin (2k-1) B+ cos (2k-1) Bj 
Sx, T,) R | { (2+cos 28)/6 (f—k) sin (2f—2k) B 
{ cos B/(2 sin 8) } {1—cos (2f—2k) B} ] 
{ (2+cos 28)/6 } |(f—k) cos (2f—2k) B—sin (2f—2k) B/sin 
+M,) [(f—k)-—cos 8 sin (2f—2k) sin B] } (4) 


where M, and H are given by equations (1"”) and (2’) of ie 
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§15. The Distortion of the Space Frame due to Longitudinal Loads 


In §9.2 an analysis is given of the loads in a space frame under a system 
of external forces which tend to distort the plane of symmetry of the frame. 
An expression, similar to those given for 2, and y; in $13, could be written down 
for the longitudinal deflection of the fth joint relative to the vertical plane 
through the first joint. Thus, 

35 PMym,+ GM,m,+ SIM,my, (1) 
where \M,, i, and M, are the moments due to the external load system and are 
given in $9.2, and my, m, and m, are the corresponding moments due to unit 
longitudinal load at the fth joint, balanced by a longitudinal! load and a moment 
about a horizontal axis at the first joint. 

The moments due to unit load may be calculated for the simple structure 
without redundant members. 

The expression obtained by this method is too cumbersome for the purpose 
of comparing the relative deflections of the bay and the frame due to a system 
of longitudinal loads. The special case examined: in $9.23 may be used to give 
an average value for the ratio of the deflection of a joint of the frame to the 
deflection of a joint of the adjacent bay for the same longitudinal shear. For 
this type of loading it may be expected that the plane of symmetry will not be 
distorted, but will be rotated through an angle a relative to the longitudinals, 


where a=z,/I, |cos B—cos (2f—1) 
The longitudinal deflection of the fth joint may be found from (1) above, 


where it is assumed that yj, \, and M, are calculated for the simple structure 


without redundant members, and mig, my, and m, for the complete structure. 


d 


Then, from $9.23, 


M,=M,=0 and ¢4,= JM,m, 
where M,=—M (R,—R,,) cos sin 2r8/2NR, sin B 
and m,=—M, sin 2rB—R, cos 8 +h, cos (2f—2r—1) B when r<f 


M, may be found from (5) of $9.21, where 
—1, 
x, =, sin B |cos B—cos (2f—1) B], 
R, cos B |cos B—cos (2f—1) B. 
sin (2f—1) B—(R, sin 8)/2N 
(GR,+J7R,,) cot B 8 —cos (2f—1) (G+JI+P)N 
[(G +J —P)/(G+J4 P)| |cos B8—cos (2f—1) B] sin B/2N cos B 


N-1 
2;= |. JM (is R,) cot B | >) M, (1 —cos 2 
r=] 
T=1 
=[JM (R,—R,,) cot B/(2NR,)] { NM,/2+R,, cot B [cos B—cos (2f—1) B]/2 


-(R,/2) [(2f—1) { sin (2f—1) B } /2—cos (2f—1) B sin B/(2 cos )] } 


cos sin 2r8—(R,/2) sin (2f—1) 8B —sin (2f 4r—1) Bj | 


w 


Substituting for M,, 
z;=[cos B--cos (2f—1) B] { —(G@+P) (R,—R,,) (cot 8)/2 (4+J+ P) 
LPR cot [JM cot.i2 
Since 2; is proportional to [cos 8—cos (2f—1) B], the plane of symmetry 
remains plane. 


u u 


If the frame had been considered as a bay of the ship and the side panels 
ignored, the deflection z,, would have been 

[cos B—cos (2f—1) B| f R..) cot 3} 2) (hi — cot’ (2NR,) } 

Since the loads in the base wires are reduced in the ratio (G+ P)/(G@+J+P) 
by the addition of the side wires, the deflection due to the base wires is reduced 


Ww 


in this ratio and there is an additional term due to the extensions or contractions 
of the outer ridge members. 


\ 
28 
(2) 
ra 
(3) | 
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The deflection z; may be written, 

—(M/2NR,) [l,°/2 (EA), b?] | { cos B--cos (2f—1) } /sin? B] 
| —(G@+P)/2 (G+J+P)+PR, cot 28/(G+J+P) (R,—R,) cot B] 

In comparing the rélative deflections of the joints of two bays of the ship 

under the same system of longitudinal loads, it will be found that 
6,/6,=|[L*/EA B?), [EA B?/L*|,=w,/w,, where w=L*/EA B?, 

where B is the length of the bay and L is the length of the shear wire. It is 

assumed that the energy of the longitudinals can be neglected in comparison with 

that of the shear wires. 

The corresponding value for w for a frame is 

Ws KA b?| [(G + P)\/(G+J+P)—2PR, cot 26/(G+J +P) cot B| 
where | and EA refer to the base wires. 

Then 6,/6,=u,,w;, where 6, and w, refer to the bay, and 6, and w, to the 
frame. 

Where a svstem of longitudinal loads is resisted partly by the frame and 
partly by the shear wires in the bay, the proportion taken by the frame is equal 
to 6,/{6,+4,), Or wy / + 

Then, for the frame, Z,=Zw,/(w,+;), 
and, for the bav, Z,=Zuy,/ (wy, + ty), 
where Z, and Z, are the longitudinal loads resisted by the frame and by the bay 
respectively, and Z is the total longitudinal load at ‘any joint. : 

When the shear wires in the bay are not uniform, the mean value of EA 

may be used to give approximate values for these loads. 


§16. The Effect of Frame Distortion on the Loads in the Shear Wires 


The method proposed in R. & M. 800 for the calculation of loads in the 
shear wires is based on the assumption that the frame does not distort in its own 
plane. When a concentrated load, such as the weight of an engine car, is applied 
at one toint of the transverse frame, the effect of the local distortion of the frame 
on the load in the adjacent shear wire may be appreciable. 

If the loads applied to the frame by the shear wires have been calculated 
on the assumption that the frame does not distort, the corresponding deflections 
at the joints of the frame may be found by the method suggested in $10, or from 


the formule of $S$11-14. From these deflections, the effect on the shear wire 
loads may be estimated, if it be assumed that the frame at the opposite end of the 
bay does not distort. The calculated deflections and the revised loads in the shear 


wires will be slightly over-estimated, since the effect of the revised loads is to 
reduce the frame distortion. 

Due to a vertical downward load on the frame, let the vertical defection 
of the frame as a whole relative to the adjacent frames be 6,, assuming that 
there is no distortion in the plane of the frame. When allowance is made fot 
the distortion of the frame, let the vertical deflection of the first joint be 6. 

Corresponding to 6,, the deflection of the fth joint, in the direction of the 
fth panel, is 6, sin 2ff. 

Corresponding to é, the defle tion of the /th joint, in the direction of the fth 


panel is 6 sin 2/8+0;, where 
sin 8+ y, cos B, 


where x, and y; are the radial and tangential deflections of the fth joint relative 
to the first joint. 

With initially tensioned shear wires, which can act as tension or compression 
members, in the adjacent bays, the tension in the wire in the fth panel which is 
attached to the fth joint is increased in the ratio 


(8 sin 2f8+.a, sin 8+ y, cos B)/6, sin 2f8 
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The compression in the wire in the fth panel which is attached to the 
(f+ 1)th joint is increased in the ratio 
(6 sin 2/8B—a,,, sin B+y;,, cos B)/d, sin 2f8 
The shear V; across the fth panel is increased in the ratio 
[28 sin 2/3 + (a, —ay,,) sin B+ (yr + cos B]/25, sin (1) 
The total vertical shear in the bay is given by 
W = 28K sin* aff 
= = K sin 2/6 [28 sin 2/8 + (a, —ay,,) sin 8 + (yr + Cos B] 
where A=4h? sin? B (EA),/L‘, where L and (fA), refer to the main shear 
wires. K is constant when the shear wires are uniform. 
With uniform shear wires, 
26, X sin? 2f/8=28 & sin? 
+ X sin 2f6 | (a,—a;,,) sin B+ COS B| 
For the half frame, 
= sin? 2fB=N /2 
1 
Therefore, 
N (6,—6)= sin sin B+ (ys + Cos B] 
N 
= X { sin 2f8—sin (2f—2) sin B+y; { sin 2f/8+ sin (2f—2) B } cos 
1 


= 2r 
1 
This expression gives 6 when 6, is known, and the revised loads in the shear 
wires can then be estimated. 


cos (2f—1) B sin? B+ 2y, sin (2f—1) B cos? B } 


When there is no initial tension in the shear wires, the shear V; across the 

fth panel is increased in the ratio 
sin 2/8 +2, sin B+y; cos sin 
W= X 2/8= X K sin (8 sin +2; sin B+ y; cos 8) 


With uniform shear wires, 


— 
to 


N 
N (8/,—8/)/2= sin (a; sin B+ y; cos B) 
1 


816.1. The Pin-jointed, Radially Braced Frame, supported by Uniform 
Shear Wires and Loaded Vertically at the Central Joint 


As an example of the method suggested above for the examination of the 
effect on the shear wire loads of the distortion of the frame, the loading conditions 
of $11.12 may be considered. 

The deflections, given in (7) and (8) of $11.12, are measured relative to the 
central joint. The vertical deflection of the first joint relative to the central joint 
is given by 


sin B= —|[R/(EA),] (W/N) [cos? B+ sin? B { 1+¢/2 sin B } 
= —|f/(FA),.] (W/N) [1 +(e sin B)/2| 


N (6,—8) —[RW/(EA)y] [1 + (¢/2) sin B] 
N 
= —[R/(EA),] (2W/N) { & [sin? B cos? (2f—1) B 


1 
+cos* 8 sin? (2f—1) B { 4c/(2 sin B) } |} 
= —|RW/(EA),.] [1+ cos? B/(2 sin £)] 


6,=2, cos B+y, 
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Therefore, 
6=6,+[RW/N (EA),] ¢ cos 28/2 sin 

When c=o, the deflection at the first joint is unaltered. It has been shown 
in $11.12 that the vertical deflections of all the joints relative to the adjacent 
frame are unaltered. 

When there is no initial tension in the shear wires, 

N (EA),.] [14 (c/2) sin B] 
N 

[R/(EA),| (W/N) {X [sin B sin cos (2f—1) B 
1 

+cos sin 2f8 sin (2f—1) B { sin B)} ]} 

=|[RW/2 (EA),] cos 28/2 sin B). 
As before, 
¢ cos 28/2 sin B 

Since 6/,=26,, the additional deflection at the first joint, expressed as a 
percentage of the total deflection, is halved by the neglect of initial tension in 
the shear wires. 

It may be shown from the expressions (1) and (2) of $16, where a, and y; 
are measured relative to the first joint, that the shear across the fth panel is 
increased in the ratio: 

1+ [Ru N ( (c/26,) cot 2f8 cos B, 
whether the shear wires are initially tensioned or not. The effect of the distor- 
tion of the frame is to increase the loads in the shear wires in the lower panels 
and to decrease the Joads in the upper panels. 


$17. Conclusion 


In the development of methods for the investigation of stresses and deflec- 
tions, the transverse frame has been treated throughout as a separate structure 
on the assumption that the external loads are known and are independent of the 
elastic properties of the frame. It has been shown, however, that the distribution 
of the external loads applied to the frame by the main shear wires and longi- 
tudinals is affected by the distortion of the frame both in and out of its plane. 
An examination of the relative deflections of the joints of a transverse frame 
may, therefore, be as important as an investigation of its strength. The analysis 
of the stresses in the complete hull, with due allowance for the elastic properties 
of the frames and of the structure at the nose and tail, is outside the scope of 
this paper, although an attempt has been made to examine the possible effects of 
frame distortion on the loads in the shear wires and longitudinals. 

The author is indebted to the Air Ministry for permission to publish this 
paper, but she is solely responsible for any opinions expressed or implied. The 
methods suggested for the calculation of stresses and deflections in transverse 
frames are not necessarily those adopted in the design of R.1rer1, but they have 
been developed as the result of the author’s experience on the technical staff at 
Cardington. 
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Parachutes for Airmen 
Charles Dixon. (Pitman and Sons.) 7s. 6d. 


The modern parachute is the lifebelt of the air. It offers the certain chance 
of safety in many air disasters and can be replaced by nothing else. Already 
many hundreds of lives have been directly saved by it and in the future its 
function will be as commonplace as that of the lifebelt. By that is meant that 


no more notice of it will be taken, until emergency necessitates its use, than is 
taken of lifebelts by passengers at sea. 

Mr. Dixon’s book is published at an opportune time and it should do much 
to instil that sense of reliability about the use of the parachute which is felt by 
the common use of any other form of safety device in any other sphere of activity. 
The modern parachute has long ceasgd to be an experimental proposition, Many 
hundreds of lives have already been saved by the compulsory use of parachutes 
and thousands of deliberate parachute descents made without any loss of life 
due to the parachute failing to open when the ring has been pulled. The 
modern parachute, indeed, is certain in its action, and the fact that its use in the 
R.A.F. is compulsory is in itself a testimony of its extreme value, where every 
ounce of weight is of importance. 

Mr. Dixon’s book describes at length the Irwin, Russell and other well- 
known parachutes, their packing, maintenance and construction. = The book 
should sweep away all prejudice which may still linger in the mind of the man in 
the street and make him realise that the modern parachute has ceased entirels 
to be an apparatus used for stunting. on fair grounds. The parachute is an 
instrument of research enabling pilots to take risks in the air with the certainty 
that if anything breaks their lives will be saved. 


Aircraft Instruments 
C. J. Stewart, O.B.E., F.R.Ae.S., M.I.M.E. (Chapman and Hall.) 
21s... net. 
Mr. Stewart is head of the Instruments and Physics Department at the 
Roval Aireraft Establishment and has been responsible for some years for the 


design of aircraft instruments for the British Air Ministry. From him, therefore, 
an authoritative book was expected, and one is not disappointed. Mr, Stewart 
has done his work well. There are still pilots who believe that every instrument 
carried by aircraft is so much added and useless weight. This feeling dies hard 
among pioneers who flew without instruments, or with the crudest and simplest 
and most unreliable types. Those were the days before trans-Continental flight, 


before Empire and other air routes, before high-speed flying and aerobatics. 
Instruments are now a necessary part of the equipment of aircraft, and the pilot 
will have to be something more than an air chauffeur. He will have to be a 
skilled navigator as well. The newly formed Guild of Air Pilots and Navigators 
is symptomatic of the changed conditions and the time is not far distant when 
every pilot will be compelled to have some knowledge of navigation. 

Aircraft instruments have now reached a very high standard of reliability, 
but certain instruments, notably height-reeording instruments and those required 
for landing in fog and blind flying generally will have to be improved greatly 
before they reach that stage when they can be used with the absolute confidence 


which is necessary. 
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The aircraft instrument designer is faced with difficulties, some of which 
are inherent to the general problem of flying. An instrument must be robust 
and yet light in construction; accurate, yet insensitive to sudden accelerations; 
easy to read by night or day; and able to withstand extremes of temperature. 

~ Chapter I]. is devoted to the measurement of height in the air, perhaps the 
most difficult ef all problems for the aircraft instrument designer, because, at 
present, the methods in use are necessarily indirect, depending as they do upon 
the measurement of the weight of a column of air at a temperature which is 
not usually accurately known. There are direct) methods, the acoustical, 
depending ‘upon echo recording; the electrical, depending upon the interference 
of transmitted and received electro-magnetic waves; and the optical, depending 
upon actual sighting of the ¢ 


y 
> 


round. No one of the three has yet offered a solu- 
tior, though the acoustic method is fruitful of investigation, particularly for low 
heights. 

Chapter II. is concerned with statoscopes, rate of climb meters and rate of 
descent meters, instruments of more particular value in airship work than in 
heavier-than-air craft, save for testing purposes. The determination of air speed 
is considered in Chapter I]]. Air speed indicators have reached a high degree 
of perfection, largely due to the great amount of attention which has been paid 
to the development of such instruments. An accurate knowledge of the speed 
of an aircraft through the air is necessary for proper navigation and for safe 
flying. 

The following three chapters describe various engine revolution indicators, 
flow meters, fuel depth gauges and pressure gauges, and no particular comment 
may be made on these chapters, save that the ideal Now meter and fuel depth 
gauge have yet to be constructed. Following chapters on thermometers, 
inclinometers, turning indicators and altitude indicators, aircraft compasses and 
navigating instruments, is an interesting chapter on miscellaneous instruments. 
Of these the accelerometer is one of most inicrest. Accelerometers enable the 
forces In manoeuvres to be measured and accelerations exceeding 10g. have been 
obtained. 

The increasing heights to which military aeroplanes are compelled to ascend 
has brought about a need for oxygen apparatus and a chapter is devoted to the 
methods of carrying oxygen on aircraft. Mr. Stewart’s volume concludes, as it 
should indeed, with a description of the automatic control of acroplanes. Various 
forms of control are described in detail. 

It is gratifying to find in Mr. Stewart’s book complete references to the 
work of those who have done so much for providing the necessary instruments 
to make flying safe. In this field he has been very largely responsible for much 
of the work, and no one writes with more authority. The book can be un- 
reservedly recommended to every pilot and air navigator. It is a book which 
should become a standard work on its subject. 
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